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ABSTRACT 
Vertical-cavity surface-emitting laser (VCSEL) constructions capable of direct modulation at 
bit rates in excess of 40 GBit/s have attracted considerable attention for future high speed 
long- and medium-haul networks. The two main approaches to realising this goal are, firstly, 
the improvement in the direct current modulation laser performance, with 40 GBit/s direct 
modulation having been demonstrated recently, and, secondly, using advanced modulation 
schemes. These, in turn, fall into two major categories: firstly, modulation of the photon 
lifetime in the cavity as an alternative to current modulation, and, secondly, current 
modulation enhanced by photon-photon resonance in a specialised laser structure (e.g. using 
an external cavity [1], or a laser array [2]). Theoretical models describing both of these 
solutions have been developed, but appear to have certain limitations which will be discussed 
later in the thesis, and no systematic analysis and comparison of modulation properties of 
advanced modulation scheme had been performed, to the best of my knowledge. This was the 
purpose of my PhD project. 
In order to understand the performance of the photon lifetime modulation for Compound 
Vertical Cavity Surface Emitting Semiconductor Lasers more accurately, a model involving 
careful analysis of both amplitude and frequency (phase) of laser emission, as well as the 
spectrally selective nature of the laser cavity, is required. We have developed such a model 
and used it to describe the laser operation and predict the performance beyond current 
experimental conditions in both large and small signal modulation regimes for the first time 
according to our knowledge. 
Finally, we studied the alternative method of ultrafast modulation of VCSELs, consisting of 
current modulation enhanced by photon-photon resonance. The analysis concentrates on the 
version of the method involving an in-plane integrated extended cavity. A new model is 
developed to overcome the limitations of existing models and to allow better understanding 
of the dynamic of the in-plane laser cavity.  
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1. INTRODUCTION 
Vertical-cavity surface-emitting laser (VCSEL) constructions capable of direct modulation at 
bit rates in excess of 40 GBit/s have attracted considerable attention for future high speed 
long- and medium-haul networks. There are two main approaches to realising this goal; the 
first of these is the improvement in the direct modulation laser performance. For example, it 
was possible to have an error- free transmission up to 39 and 40 Gbit/s direct modulation 
working in a temperature up to 100 ◦C using oxide-confined 850 nm VCSELs with InGaAlAs 
based active regions [3]. Another method of improvement to direct (current) modulation is to 
modulate two active cavities simultaneously and out of phase [4]. Reducing the photon 
lifetime by shallow surface etching of the top mirror reflectivity can also improve the direct 
modulation [5, 6]. The second type of modulation is by using the modulation of the photon 
lifetime in the cavity as an alternative to current modulation [7-12]. Advanced semiconductor 
lasers involving direct modulation of the photon lifetime promise better dynamic properties 
than lasers with traditional current modulation because their operating speed is less limited 
by the electron-photon resonance. Several laser designs to implement this principle have 
been proposed, and initial measurements are all promising. For example, Germann and co-
authors have experimentally demonstrated a modulation bandwidth of 30 Gbit/s with 100 
mV change in voltage and 27 dB change in output amplitude for small signal modulation [11]. 
Large-signal (Non-return-to-zero) NRZ modulation at 40+ GBit/s has been confidently and 
repeatedly demonstrated [10]. By using a non-absorbing electro-optic modulator in the first 
known compound VCSEL [12], the electrical bandwidth up to 60 GHz and optical bandwidth 
more than 35 GHz, restricted by the photodetector response, have been achieved. Strain-
compensated multiple quantum wells were used in the active gain region in the VCSEL cavity 
with 960 nm reference frequency and 3-4 nm blue shift in the modulator region. A more 
recent experimental achievement for photon lifetime modulation was conducted by utilizing 
the influence of the aperture size on the performance of 850 nm InGaAlAs oxide-confined 
VCSELs [13]. When the aperture size is decreased to an optimum value of 4-6 μm and the 
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photon lifetime is reduced from 4 to 1 ps, there is a saturation in the maximum 3dB 
modulation bandwidth at 21 GHz.  
These experimental results have been supported and partly stimulated by theoretical studies 
using simple rate equation models [7, 11, 14]. Small-signal modulation at low frequencies has 
been analysed [11] and showed signs of a broad, large resonant peak consistent with the 
formula presented in [7]. However, experiments and large-signal simulations show that the 
best performance of electrooptically modulated VCSELs is realised at moderately small rather 
than large bias currents [14], which is completely different to the case of current modulation, 
and not immediately obvious from the published small-signal analysis of photon lifetime 
modulation [7]. We believe one reason for this is that the small-signal analysis of [7] 
considered the modulation of the photon density inside the laser cavity, rather than the 
measurable power outside the laser which is also influenced by the outcoupling loss 
modulation, particularly as the modulation cavity may have some dynamic properties of its 
own. Another limitation of the existing theories, whether small-signal [7] or large-signal  [14] 
is that they are based on “traditional” rate equations for the power of the output only without 
considering the frequency response, whereas it is clear that in a complex resonator system 
such as a coupled-cavity laser, amplitude and phase/frequency modulation have to be 
intricately interrelated. These limitations are addressed, one by one, in this thesis. I start with 
explaining the design considered and the general limitations of the models in Chapter 3 
which follows our initial work [15] in considering the laser behaviour using a traditional rate 
equation model and a small signal analytical approach. It is found that the concept of 3 dB 
cutoff frequency as a measure of modulation speed cannot be applied to electrooptically 
coupled-cavity VCSELs within this model, as the value of the 3dB cutoff tends to infinity 
beyond a certain critical current. To overcome this limitation and in general to understand 
the laser performance more accurately, a more complex model involving careful analysis of 
both amplitude and frequency/phase of laser emission, as well as the spectrally selective 
nature of the laser cavity, is presented in chapter 4. The model is based on the analysis for 
complex eigenvalues (frequency detunings and amplitude variation rates) of the compound 
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cavity modes and used it to describe the laser operation and predict the performance beyond 
current experimental conditions, under both small- and large signal modulation conditions. 
The photon lifetime in the modulator cavity is found to be the ultimate limitation of the 
modulation speed. 
In chapter 2, theoretical background on both current and photon modulation for Vertical-
cavity surface-emitting laser (VCSEL) is reviewed. Chapter 3 and chapter 4 describe the 
standard and modified rate equation models for small and large signal analysis, respectively.  
Chapter 5 talks about the alternative method of ultrafast modulation of VCSELs, consisting of 
current modulation enhanced by photon-photon resonance. The analysis concentrates on the 
version of the method involving an in-plane integrated extended cavity. In this chapter, the 
Lang-Kobayashi model [60] (which includes a single delay term and a single modulation 
peak) and the multiple-pass model by Ahmed and co-authors [67] (includes two peaks) are 
analysed in depth. A new model is developed to overcome the limitations of these two models 
and to allow better understanding of the dynamic of the in-plane laser cavity. This new model 
can also be used to analyse the potential of the laser with a transverse external cavity as an 
optoelectronic microwave signal generator which can be used, for example, for microwave 
over fibre generator. 
Chapter 6 concludes this study with the summary and comparison of all three models’ results. 
Several future directions are also proposed at the end. 
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2. LITERATURE REVIEW 
As mentioned in the introduction section, the main modulation methods for VCSELs are 
current modulation and photon modulation. In this chapter, both methods will be discussed 
in details. 
 
2.1 Optimisation of VCSELs structure for high bit rate modulation: 
(current modulation) 
The conventional way of laser modulation is direct (current) modulation. Though it has some 
limitations such as limited bandwidth in standard structures (around 10 GHz), it is still used 
commonly, and recently, structures with bandwidths exceeding 20 GHz have been developed. 
There are many methods to improve the modulation speed of direct modulation using 
optimised VCSELs structures; some methods will be discussed here in brief. 
 
2.1.1 Oxide-confined 850 nm VCSELs 
The improvement in the direct modulation laser performance, with 40 GBit/s direct 
modulation has been demonstrated recently by S.A. Blokhin and co-authors [3]. They 
achieved high performance of oxide-confined 850 nm VCSELs with InGaAlAs based active 
regions. Though the limitation of the performance is based on experimental setup and not by 
optical components, it has error- free transmission rates up to 39 Gbit/s and open eye 
diagrams of 40 Gbit/s frequency modulation. Figure 1 shows Back-to-back configuration 
(back-to-back) BTB optical eye diagrams for 9 mm diameter oxide-confined InGaAlAs VCSEL 
at 25 and 40 Gbits/s modulation at fixed bias current; it shows an open eye diagram for such 
high frequency. The rise time is less than 10ps for different temperatures. However, the 
applied electrical radio frequency signal can dramatically reduce the quality of the eye 
diagram for the laser output received signal due to their imperfections. 
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Figure 1: Back-to-back configuration BTB optical eye diagrams for 9 mm diameter oxide-confined 
InGaAlAs VCSEL at 25 and 40 Gbits/s modulation at fixed bias current [3] 
 
In order to reduce parasitic effect, dielectric/planarizing BCB (bisbenzocyclobutene) material 
is used in the vertical cavity semiconductor emitting laser (VCSEL) design. Moreover, to easily 
test the VCSEL without soldering and on wafer itself, a probe is manufactured in a ground-
source-ground (GSG) contact pad [16]. 
 
2.1.2 The influence of the aperture size and photon lifetime 
There are many ways to increase the resonance frequency, such as by increasing the 
differential gain, decreasing the mode volume (aperture size) and reducing the chip parasitics 
[17-19]. These means can help in increasing the modulation bandwidth up to 20 GHz [20, 21] 
and the damping limitation can be controlled by reducing the photon lifetime [22]. 
A more recent experimental achievement for photon lifetime modulation was conducted by 
utilizing the influence of the aperture size and photon lifetime on the performance of 850 nm 
InGaAlAs oxide-confined VCSELs [13]. When the aperture size is decreased to an optimum 
value of 4-6 μm and the photon lifetime is reduced from 4 to 1 ps, there is a saturation in the 
maximum 3dB modulation bandwidth at 21 GHz. Figure 2 shows how the modulation 
bandwidth and the K-factor can be controlled by adjusting the oxide aperture radius for low 
and high mirror losses. 
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Figure 2: Measured 3dB modulation bandwidth and K-factor as function of the oxide aperture size for 850 
nm InGaAlAs VCSELs with low (a) and high (b) mirror losses at 20°C [13] 
 
2.1.3 Shallow surface etching 
One of the methods to get current modulating VCSEL lasers is to reduce the photon lifetime 
by shallow surface etching which is controlled by the top mirror reflectivity [5]. In this 
method, the modulation speed and laser efficiency can be enhanced and the 3dB bandwidth 
can be increased up to 23 GHz for 850 nm multimode VCSELs by 50% photon lifetime 
reduction. 
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Figure 3: Small signal modulation response for high photon lifetime VCSEL at different bias currents [5] 
 
 
Figure 4: Small signal modulation response (S21) for low photon lifetime VCSEL at different bias currents 
[5] 
 
Figure 3 and Figure 4 shows how reducing photon lifetime improves the laser performance 
for example the 3dB cut-off frequency can go up to 23 GHz for 7.8 mA bias current in the case 
of low photon lifetime. However, the 3dB- cut-off frequency is only 15 GHz for 6.5 mA bias 
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current in the case of high photon lifetime. This means that there is about 50% enhancement 
in the bandwidth which can be explained by Equations (1-3) when talking about damping 
factor and resonance frequency [23]. 
 
𝛾 = 𝐾𝑓𝑟
2 + 𝛾0 
 
(1) 
 
𝐾 = 4𝜋2(𝜏𝑝 +
𝜀𝜒
𝑣𝑔 𝜕𝑔 𝜕𝑛⁄
) 
 
(2) 
 
ω𝑅
2 ≈
𝑣𝑔 . (𝜕𝑔 𝜕𝑁⁄ ). 𝑁𝑝
𝜏𝑝
⟹ 𝑓3𝑑𝐵 ≈ √3𝑓𝑟 ⟹ 𝑓3𝑑𝐵 ∝ √𝑃 ; 𝑓3𝑑𝐵 ∝ √𝜕𝑔 𝜕𝑁⁄  
 
(3) 
Where (γ) is damping factor, (fr) is resonance frequency, γ0 is the damping factor offset, (𝜀) is 
the gain compression factor, (𝜒) is the transport factor, vg is group velocity, and (𝜕𝑔 𝜕𝑁⁄ ) is 
the differential gain. 
The big improvement can be explained by the above equations: when photon lifetime (𝜏𝑝) is 
reduced, K factor will be reduced as well, which will reduce the damping factor according to 
Equation (1). The 3dB cutoff frequency (𝑓3𝑑𝐵) depends on the current, when the current (I) 
and the power (p) are high, 3dB bandwidth is high which agreed with Equation (3). 
Petter Westbergh and co-authors found that there is an optimum value for the photon 
lifetime at which a maximum value of 23 GHz modulation bandwidth as well as 40 Gb/s 
error-free transmission. To find the value of the internal quantum efficiency (ηi) and the 
internal optical loss rate (αi), slope efficiency (SE) must be measured as a function of mirror 
loss [24, 25]. Figure 5 and Figure 6 elaborate this result as they show that 60 nm is the 
optimum etch depth at which there is a maximum top DBR loss (0.7 ps-1) and minimum 
photon lifetime (1.2 ps). The different etch depths used in the experiments are indicated in 
the graphs [6]. 
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Figure 5: Calculated top DBR loss rate as a function of etch depth into the top DBR [6] 
 
 
Figure 6: Calculated photon lifetime as a function of etch depth [6] 
 
2.1.4 Single-Mode High-Speed 1.5-μm VCSELs 
Silvia Spiga and co-authors have introduced the shortest semiconductor cavity InP-based 
VCSELs with a length of 1.5 λ- single-mode lasers and two dielectric DBRs in 2017 [26]. They 
were able to reach a speed of 50 Gb/s NRZ modulation for back to back configuration with no 
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error correction and equalization. Creating an effective short cavity length can reduce the 
photon lifetime [27], which helps in enhancing the small-signal modulation bandwidth. This 
can be achieved by reducing the damping and increasing the relaxation resonance frequency 
for different DC currents. This design has some disadvantages, which are increasing the 
thermal resistance, having low threshold current density [28] and increasing electrical 
resistance causing high dissipated power. 
 
 
Figure 7: Schematic image of a VCSELwith two dielectric DBRs [26] 
 
Figure 7 shows a schematic image of a VCSEL with two dielectric DBRs. The active cavity 
consists of seven AlGalnAs quantum wells and it is surrounded by two claddings (InP n-doped 
InP  AllnAs highly p-doped layers). The buried tunnel junction (BTJ) is p+– AlGaInAs/n+–
GaInAs and reverse-bias junction is p+n–; the earlier is for current confinement and later is 
for current blocking. 
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2.2 Dual active cavity lasers: (current modulation) 
2.2.1 Modulation with two active cavities 
In this design, two cavities of a VCSEL are not electrically connected, but their active regions 
are optically coupled [29]. It is called a composite resonator vertical cavity laser (CRVCL) and 
its structure is shown in Figure 8. The main principle of CRVCL is that the current in one 
cavity is fixed and the gain in the other cavity is changing which causes the photon density to 
change. 
 
 
Figure 8: Device structure for the CRVCL showing electrical biasing [29] 
 
It should be also noted that the dynamic used in the standard rate-equation assumes only one 
optical mode with one electron population when analysing small signal modulation response 
[30]. 
To describe the transfer function, two independent carrier densities and one photon density 
are analysed in the rate equations [31]. To get an optimal response of the transfer function, 
the differential gains and the photon density of the two active regions can be adjusted 
separately. 
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Figure 9: Comparison of CRVCL and conventional VCSEL response [29] 
 
Figure 9 shows a comparison between CRVCL and normal VCSEL. It shows that the composite 
resonator has a higher bandwidth than the normal VCSEL without changing the density of 
photons since the relaxation oscillation frequency is strongly affected by the total photon 
density in the two cavities. Moreover, the 3-dB bandwidth is 12.5 GHz and the modulation 
current efficiency factor is 5 GHz/mA. 
 
2.2.2 Modulation of two cavities out of phase simultaneously 
This design is different from the previous design in section 2.2.1 as the two active cavities in 
this design are modulated out of phase simultaneously [4]. In this case, light can be produced 
without varying the total photon density inside the laser. This means that it can produce a 
high modulation bandwidth independent of the total photon density. In this case, spatially 
varying the longitudinal optical mode distribution causes light modulation results which 
means that the bottom resonator is effectively longer than the top resonator, thanks to the 
free carrier plasma effect [32, 33]. The free carrier plasma effect happens when a photon is 
absorbs by a free carrier which is already have absorbed a photon and is excited. As a result, 
equal amount of currents but out-of-phase are injected into both cavities as shown in the 
schematic of this laser in Figure 10.  
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Figure 10: Operation principle of the push-pull modulation in a composite-resonator vertical-cavity laser 
[4] 
 
This compound laser is called ‘push-pull’ modulation which has a high-speed operation, low 
power consumption and 2.5 Gb/s modulation. Figure 11 shows the case when only current 
modulation is applied to the compound laser and when posh-pull modulation is applied. It 
shows that the electrical bandwidth is 20 GHz for the modulation response for the top and 
bottom cavities; this is because of the device parasitics. They cause a dominant pole to the 
modulation response and limit the modulation bandwidth of the compound laser. It should be 
noted that in direct modulation, the bandwidth depends on relaxation oscillation peak but it 
does not cause any effect in the posh-pull modulation. 
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Figure 11: Comparison between current modulation and push-pull modulation simultaneously [4] 
 
2.3 Electroabsorption modulators: (photon lifetime modulation) 
2.3.1 Forward bias and reverse bias 
This vertical-cavity laser with an integrated modulator is similar to the previous design in 
section 2.2.1 but the passive cavity is forward modulated by current or reversed modulated 
by voltage [34]. 
 
Figure 12: Schematic of a coupled resonator vertical-cavity laser (CRVCL) [34] 
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Figure 12 shows the main design; as it can be seen from this figure, the top and intermediate 
resonators have separate electrical contacts to give them independent current injection. This 
is also to make the device a three terminal coupled resonator vertical cavity laser (CRVCL). 
The output intensity is modulated by changing the cavity coupling. 
  
 
Figure 13: Light output from the CRVCL for various forward bias passive [34]  
 
When the current applied to the passive cavity is increased, the laser intensity is decreased as 
shown in Figure 13. This is because the index of refraction is reduced and it changes the 
optical path length when the current is applied into the passive cavity as shown in Figure 14. 
The change of the index of refraction can go to ∆𝑛 = 3 × 10−3 according to the model with 
plasma of charged particles in a dielectric [35]. As a result of the change of the optical path, 
the intensity amplitude changes and the laser output will be modulated. The sensitivity of the 
path length variation and the modal frequency can be controlled to have a chirpless laser 
output power. However, the laser output can be affected by heating which results in redshift 
in wavelength [36]. 
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Figure 14: The change the optical path length when the current is applied into the passive cavity [34] 
 
 
Figure 15: Light output from the CRVCL under reverse bias operation [34] 
 
Figure 15 shows the second way to modulate laser output using the mechanism reverse bias 
of the passive cavity. When a bias voltage is applied to the passive cavity, the laser intensity is 
decreased due to electroabsorption loss in the cavity. 
 
2.3.2 Duocavity VCSEL for resonance-free modulation 
Eisden and co-authors studied the current modulation for compound vertical cavity laser 
from other aspects [37]. Their schematic diagram is shown in Figure 16 with 29 periods for 
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bottom Distributive Bragg Reflector (DBR) of n-type Al0.07Ga0.93As/ Al0.90Ga0.10As, 32 periods 
of n-doped middle DBR and 9 periods of p-type top DBR [37]. The active layer consists of four 
quantum wells, p-type doping and with n++-p++ tunneling junction. The modulator section is 
1½ λ thick and it contains an embedded absorber in the i-region of p-i-n junction. 
 
 
Figure 16: Schematic diagram of the device layout, showing two device sections [37] 
 
And the middle DBR’s are n-doped and the n++-p++ tunneling junction was built under the 
active region so the optical loss induced by free-carrier absorption of p-doped AlGaAs is 
reduced. As normal practice in the current modulation, the active area is connected to a bias 
current and the modulator section is connected to RF signal and DC bias through bias T 
circuit. The active region was created by wet lateral oxidation and field implantation while 
the modulator area was created by ion implantation. 
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Figure 17: Modulation response for a direct current modulated, intracavity loss modulated, and dual 
cavity devices. 20 db/decade roll-off above 5 GHz is due to RC parasitic it metallization [37] 
 
Figure 17 shows the three cases which can be examined by this structure. The frequency 
response has 20 dB/decade roll-off with 5 GHz bandwidth when the RC parasitics is only 
considered. This result was theoretically discovered by [7] and experimentally demonstrated 
by [38]. The second case has 60 dB/decade roll-off when the direct (current) modulation is 
considered. The last case has a response a 40 dB/decade roll-off when the intracavity loss is 
considered. 
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Figure 18: Device high frequency modulation response at room Device high frequency modulation 
response at room temperature [37] 
 
In this design, the 3dB cut-off frequency is 19 GHz as shown in Figure 18. This means that the 
transfer function is flat until 19 GHz and the 3 dB cut-off can be decided by the modulator 
parasitics which can be calculated by the electrical equivalent circuit. Figure 19 shows an 
open eye electrical eye diagram for a 10 Gbit/s for compound vertical cavity laser. 
 
 
Figure 19: A 10 Gbit/s eye diagram of dual cavity device showing an open eye [37] 
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One of the very important results is shown in Figure 20 which shows the calculated reflection 
and transmission spectra of a Fabry-Perot cavity with variable intracavity absorption (0, 
0.5% and 1% per round-trip). The 1-D transfer matrix [9] model was used to calculate the 
wavelength spectrum for these three different variable intracavity absorption. The figure 
shows that there is an unchangeable point in the wavelength spectrum (cross-over) at which 
the wavelength is fixed for different values of absorption which means that reflectivity is 
independent of absorption at this wavelength. 
 
 
Figure 20: Calculated reflection and transmission spectra of a Fabry-Perot cavity with variable intracavity 
absorption [37] 
 
The last result in this section is shown in Figure 21. The frequency response is plotted for 
three different bias reverse biased at the modulator section. When the voltage is reverse bias 
at -0.4 volts, the frequency response has a flat resonance at 10 GHz. When the voltage is 
revers bias at -0.1 volts, there is a peak response at 10 GHz. However, the most exciting result 
is that, the resonance at the frequency response is getting depressed instead of increase at 10 
GHz for +0.4 volts forward bias.  
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Figure 21: Modulation response of a dual-cavity devices at different modulator voltages. Change of 
modulator voltage causes shift of optical cavity position, thus detuning from ideal situation (red curve). 
Detuning may result in optical feedback-related modulation being in-phase (purple) or 1800 shifted (blue) 
with decoupled mode modulation [37] 
 
To explain the reason for this depressed peak in the frequency response, it should be noted 
that the output power is proportional to the photon concentration and output transmittance 
as shown in Equation (4): 
𝐼𝑜𝑢𝑡~𝑁𝑝 ∗ 𝑇 (4) 
  
In terms of modulation of small signal, Equation (4) is adjusted to Equation (5): 
 
∆𝐼𝑜𝑢𝑡~∆(𝑁𝑝 ∗ 𝑇) = 𝑁𝑝 ∗ ∆𝑇 + ∆𝑁𝑝 ∗ 𝑇 
 
 
(5) 
The first term in Equation (5) is (𝑁𝑝 ∗ ∆𝑇)  which describes the potentially flat line while the 
second term (∆𝑁𝑝 ∗ 𝑇) describes resonance term of the frequency response because of the 
modulation of photon concentration at the output power. The art of the design of the 
resonant-free modulated laser is then to ensure that the second term disappears. This is done 
by ensuring the spectral operating point such that the transmittance of the top mirror does 
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change with electroabsorption modulation (so the first term is nonzero) but the reflectance 
(and thus the photon lifetime) does not. This is done by ensuring that the effects of the 
broadening of the spectral notch and the flattening of the notch, both of which happen with 
increased absorption, compensate each other (in other words, the laser operates at the cross-
over point in Figure 20). If the reflectance does not change with a variation of absorption, this 
means Np does not change, the second term in the equation disappears, and so there is no 
resonance in the modulation. To work at this spectral point, the correct bias on the 
electroabsorption modulator section bias is needed (e.g. -0.4 V in Figure 21). At +0.4 V 
forward bias, there is a depressed response instead of increase at 10 GHz, and at -0.1 V 
reverse bias, a peak response – this is depending on whether the broadening or the flattening 
of the peak dominates, in other words whether the reflectance increases or decreases with an 
increase in absorption. 
 
2.3.3 Reliability performance 
In this section, the reliability performance study of current modulation for VCSEL at 95 ◦C as 
investigated in [39] is reported. It was found that the performance of such type of lasers is 
stable and reliable even after a relative long time of operational test (more than 6000 hours). 
The VCSEL used for this experiment was 6 μm diameter oxide confined with 850 μm 
wavelength and the number of VCSELs were 50. To have an error-free operation, high current 
densities (∼18 kA cm−2) were applied. Figure 22 shows that the change of power verses the 
time of the operational test for the experiment. The figure shows almost a stable output 
power with respect to the time of the experiment. However, there was less than 5% increase 
of the output optical power after 6000 hours at a constant current of 5 mA. This small 
increase of the output power might be attributed to the ohmic contact burn in the first 2000 
hours of the study. 
In the beginning of the study, some VCSELs were damaged due to mechanical damages, 
growth and fabrication-related defects, or electrostatic discharge and they were removed 
from operation. However, all remaining VCSELs were reliable after 6000 hours of the start of 
the study. 
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By using new optimized oxidation methods, the oxide aperture stress can be reduced when 
the intermediate metastable products are removed [40, 41]. This may help in reducing the 
threshold current density and capacitance for VCSELs working at 850 nm wavelength and a 
speed of 25 Gbit/s at high temperatures. 
 
 
Figure 22: Change in output power of 6 μm diameter oxide-confined InGaAlAs 850 nm VCSELs measured at 
20 ◦C as a function of ageing time at 95 ◦C in [39] 
 
2.4 Electrooptic modulators: (photon lifetime modulation) 
The limitations of current modulation can be overcome using modulation of the photon 
lifetime in the cavity as an alternative method to current modulation. This approach is 
potentially free from the limitations of the modulation such as the 3dB modulation frequency 
being limited by the electron-photon oscillation damping, since the photon lifetime 
modulation, unlike current one, affects the output of the laser directly as opposed to 
indirectly via carrier density. In the following sections, different methods of photon lifetime 
modulation will be discussed, including electroabsorption and electrooptical modulation. 
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2.4.1 Modulation of reflectance of multistack mirrors forming the VCSEL 
cavity: general idea and theoretical analysis in literature 
A method of  realisation of the cavity loss modulation was suggested a while ago in the form 
of electrooptic modulation of the reflectance of one of the multistack mirrors forming the 
VCSEL cavity [7]. When 1 V variation is applied to the electro-optically tuned distributed 
Bragg reflectors (DBR) in the vertical cavity semiconductor emitting laser, 12% reflectance 
modulation is achieved [42].  
The following rate equations can be used to characterize the electron and photon 
densities in the VCSEL active layer: 
𝑑𝑁
𝑑𝑡
= 𝐽 − 𝑆𝑔 −
𝑁
𝜏𝑠𝑝(𝑁)
 
 
 
(6) 
𝑑𝑆
𝑑𝑡
= 𝛤𝑔𝑆 −
𝑆
𝜏𝑝ℎ
+
𝛽𝑠𝑝𝑁
𝜏𝑠𝑝
 
 
(7) 
In these equations, (𝑁) is the carrier density, (𝑆) is the photon density in the laser, (𝐽 =
𝐼
𝑒𝑉
) is 
the electron flux per unit volume (𝑉), (𝐼) is the pumping current, (𝑔) is the optical gain in the 
active layer, (𝜏𝑠𝑝) is the radiative recombination lifetime of carriers and (𝜏𝑝ℎ) is photon 
lifetime and (𝛤) is confinement factor. 
The photon lifetime is defined, in the usual way, as: 
 
𝜏𝑝ℎ𝑜𝑢𝑡
−1 (𝑡) =
𝑣𝑔
2 ∗ 𝐿
𝑙𝑛
1
𝑅𝑏𝑅𝑇
≈
𝑣𝑔
2 ∗ 𝐿
(𝑇𝑏 + 𝑇𝑇) 
 
Where Rb and RT are the (intensity) reflectances of the bottom DBR and top reflector (which 
was assumed to be modulated)., and Tb,T=1-Rb,T <<1 the corresponding transmittances.  The 
nature of the top reflector (e.g. stopband or resonator modulation) and how it was modulated 
was not specified in the paper, but it was assumed that the modulation would be electrooptic, 
therefore fast.  
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And the following expressions for light intensity response were obtained: 
  
𝜕𝑆 =
𝛤𝜏𝑠𝑡
−1𝜕𝐽 − (𝑖ω + 𝜏𝑑
−1 + 𝜏𝑠𝑡
−1)𝜕𝑆𝜏𝑝ℎ
−1
𝑖ωγ − ω2 + ω𝑟𝑒𝑙
2  (8) 
 
𝜏𝑠𝑡
−1 ≡ 𝑆
𝜕𝑔
𝜕𝑁
 
 (9) 
 
𝜏𝑑
−1 ≡
𝜕
𝜕𝑁
(
𝑁
𝜏𝑠𝑝(𝑁)
) 
 
(10) 
 
ω𝑟𝑒𝑙
2 ≈
1
𝜏𝑠𝑡𝜏𝑝ℎ
 
 
(11) 
 
γ = 𝜏𝑑
−1 + 𝜏𝑠𝑡
−1 +
𝛽𝑠𝑝𝑁
𝑆𝜏𝑠𝑝
− 𝛤𝑆
𝜕𝑔
𝜕𝑆
 
  
(12) 
 
Where (𝜏𝑑) is the dynamical carrier lifetime, (𝜏𝑠𝑡) is the stimulated recombination time, 
(ω𝑟𝑒𝑙) is the relaxation oscillation frequency, and (γ) is the damping factor.  
Small-signal modulation curves corresponding to this modulation type were analysed and 
predicted to have a higher 3dB cutoff frequency than the current modulation, owing to the 
transfer function decaying at high frequency F values as 1/F (see Equation 8) rather than 
1/F2 as is the case of current modulation. 
Figure 23 shows different possibilities for modulation: when current density (𝐽) is changing 
(curve 1), when either photon lifetime (𝜏𝑝ℎ) or confinement factor (𝛤) are changing (curve 2), 
when the carrier temperature (𝑇) is changing (curve 3). 
Curve 4 in Figure 23 shows the case when two independent modulation mechanisms (current 
density and temperature) are applied and their amplitudes and phases are adjusted [43]. In 
this case, high-frequency carrier density variation is isolated (𝛿𝑛 = 0) and relaxation 
oscillations is eliminated which creates a flat response as in curve 4 in Figure 23 which can be 
used in analogue and digital circuits and networks. 
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Finally, when both current density and photon lifetime (or carrier temperature) are changing 
(curve 5-flat response). As shown in Figure 23, when current density (𝐽) is changing (curve 
1), the transfer function is decaying at high frequency ω values as 1/ω2. On the other hand, 
the transfer function is decaying at frequency values as 1/ω for photon lifetime modulation 
(curve 2). 
 
 
Figure 23: Modulation different types [7] 
 
While the generic idea of dual or photon lifetime modulation has been used in subsequent 
work, some modifications needed to be made for its practical implementation, which also 
requires a modification in the theoretical approach.  Most importantly, the analysis of [7] 
ignored the spectral selectivity and spectral position of the operating point of the laser, 
assuming frequency-independent modulation of reflectance and hence of photon lifetime. In 
practice, efficient modulation of reflectance of a DBR such as one used in a VCSEL is only 
possible where there is a relatively sharp spectral feature in the reflectance spectrum. Hence, 
two designs have been proposed, involving either a resonant subcavity with the operating 
point near the mode (transmission notch) of this subcavity, or alternatively stopband 
modulation, where the operating point is at the edge of the DBR reflectance. 
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2.4.2 A resonant cavity design and non-absorbing modulator subsection 
In this section, a typical compound VCSEL with a non-absorbing electro-optic mdulator is 
discussed [12]. This design of compound VCSELs can be used to transmit single mode and 
multimode pulses over modern multimode fibre optics (MMF)with modulation speed of 40 
Gbit/s and over a distance of 400 m [44]. 
The main design is shown in Figure 24 with all lengths and parameters are labelled. In this 
design, the electrical bandwidth can go up to 60 GHz and optical bandwidth can be more than 
35 GHz restricted by the photodetector response. Strain-compensated multiple quantum 
wells were used in the active gain region in the VCSEL cavity with 960 nm reference 
frequency and 3-4 nm blue shift in the modulator region. To have a non-absorbing modulator, 
a low Q-factor modulator was used which will have an efficient light coupling and low chirp 
(frequency change in time). 
 
 
Figure 24: Basic EOM/VCSEL structure [reference]. The sizes of most figures can be reduced a bit [12] 
 
The main idea of this new structure is that by applying a reverse bias voltage to the 
modulator section, the two cavities will be resonant. This is because the energy band of the 
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electrooptically modulated (EOM) section will be tilted [45] and adjusted to be in the same 
level as the energy band of the VSCEL as shown in Figure 25, thanks to the quantum confined 
Stark effect.  
 
Figure 25: The coupling diagram between VCSEL cavity and electro-optic modulator [12]  
 
 
Figure 26: Optical power vs VCSEL current; solid lines: Optical output power characteristics of the EOM 
VCSEL are shown for different voltages applied to the EOM section. Dashed lines: Corresponding 
photocurrent due to absorption within the EOM section [11] 
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Figure 26 shows the optical power in mW as a function of bias current in mA for different 
reverse modulator voltage for large detuning between the VCSEL and the modulator cavity. 
As it can be seen in this figure that the relationship between the optical power and the laser 
current in the case of large detuning is non-monotonic. In this design [11], the static 
characteristics at room temperature are also analysed. It was found that the optical power 
depends non- monotonically on the VCSEL current for three different reverse EOM volts (1, 2 
and 3 volts). The general characteristics is that at low currents (from 0.5 mA until 3.5 mA for 
1 V and 2 V reverse EOM voltage, and 4 mA for 3 V reverse EOM voltage), the optical power 
increases as current increases. Then, there is a normal decrease in the optical power until 4.5 
mA for 1 V and 2 V reverse EOM voltage and 5.5 mA for 3 V reverse EOM voltage. After that, 
there is a high increase in power for a short increase of current (about 1 mA) followed by a 
normal decrease in power. Figure 26 shows the details of the optical power versus VCSEL 
current. The change of passive cavity absorption is not the reason for the sudden and high 
increase in optical power between 5.5 and 6.5 mA VCSEL current rather it can be explained 
by the resonance between top and bottom cavities. However, when a high reverse voltage is 
applied, there will a high reduction for the exciton absorption peak and an alternative change 
in the resonance wavelength according to the change in the refractive index (positive or 
negative) [14, 45, 46]. The resonant output power in this design matched the typical output 
power for similar design [12].  
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Figure 27: Static performance of an EOM/VCSEL at different reverse biases applied to the modulator 
section (large detuning between the cavities) [12] 
 
Figure 27 shows the optical power in mW as a function of bias current in mA for different 
reverse modulator voltage for large detuning between the VCSEL and the modulator cavity. 
The relationship between the optical power and the laser current in the case of large 
detuning is monotonic except for 22.6 V reverse bias modulator voltage. The graph also 
shows that the maximum optical power occurs when the reverse voltage is 23.1 V when there 
is a strong resonance between the VCSEL and modulator cavities. 
Figure 28 shows the change in wavelength (chirp) for the single mode laser device for 
different reverse voltages in the case of large detuning. The chirp in this model is 0.3 nm/V 
and it can be increased when the thickness of the modulator is reduced because the applied 
voltage in this case will be increased too. The threshold current, on the other hand will not be 
increased but the differential efficiency and the external losses will be increased as well. 
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Figure 28: Spectra of a single-mode EOM/VCSEL device at different reverse biases applied to the 
modulator section (large detuning between the cavities) [12] 
 
As mentioned in the start of this section, the cut-off frequency can go up to 35 GHz restricted 
by the photodetector response. This can be elaborated by Figure 29 which shows the small 
signal response of the optical intensity in dB as a function of modulation frequency. 
 
Figure 29: Optical modulation performance of the EOM/VCSEL [12] 
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2.4.3 VCSEL with electrooptically modulated vertical resonator and a stopband 
edge tunable DBR 
Theoretically, the idea of cavity loss modulation mentioned in section 2.4.1 [7] inspired a 
large amount of further work, in which the idea of modulating a mirror reflectance has 
evolved into two possible routes: the coupled-cavity laser with an additional, electrooptically 
modulated vertical resonator [47], and a stopband edge-tunable DBR [48]. Figure 30 and 
Figure 31 shows electrooptically modulated vertical resonator, and a stopband edge-tunable 
DBR, respectively. 
 
 
Figure 30: Electrooptically modulated VCSEL based on resonantly coupled cavities. (a) Optical reflection 
spectrum of the modulator cavity; open circle corresponds to the lasing waveleng. (b). Upon an applied 
bias, the modulator reflectivity dip matches the lasing wavelength, increasing the light output power. 
Dashed line, cavity out of resonance; solid line, cavity in resonance. (c) Profiles of the refractive index and 
electric field strength in the VCSEL optical mode. (d). Top part of the device: profiles of the refractive index 
and electric field strength in the VCSEL mode in the open state (solid line) and closed state (dashed line) 
[47] 
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In electrooptically modulated vertical resonator, the top resonator is modulated using Fabry–
Perot cavity with passive DBR [14]. When a reverse voltage is applied to the passive cavity, 
the refractive index is modulated which modulates the reflectivity seen by the active cavity in 
the VCSEL. The second DBR consists of 31 periods and the third DBR has 9 periods. Figure 30 
(b) shows that the optical reflection spectrum of the modulator cavity; upon an applied bias, 
the modulator reflectivity dip (notch) shifts to higher wavelength and increase the light 
output power [46]. 
 
 
Figure 31 : Electrooptically–modulated VCSEL based on stopband edge–tunable DBR. (a) Reflectivity 
spectrum of a EOM DBR near the stopband edge. Filled circle refers to the lasing wavelength. (b) Shift of 
the EOM DBR stopband edge reflectivity spectrum upon applied bias. Reflectivity spectrum at zero bias, 
solid line; reflectivity spectrum at applied bias, dashed line. A transparent DBR with a low reflectivity 
(filled circle) becomes non–transparent with a high reflectivity (open circle). (c) Profiles of the refractive 
index and electric field strength in the VCSEL optical mode. (d). Top part of the device: profiles of the 
refractive index and electric field strength in the VCSEL mode in the open state (solid line) and closed state 
(dashed line) [14] 
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The stopband edge-tunable DBR has the same design as electrooptically modulated vertical 
resonator but a part of the top DBR is un-doped and QWs are placed in the layers having a 
high refractive index. Figure 31 shows schematically the profiles of the refractive index and 
electric field strength of the VCSEL mode. In this design, the side notch is modulated upon 
applied bias as shown in Figure 31 (b). 
 
2.4.4 Rate equation analysis of a VCSEL with electrooptically modulated 
mirror: simulated eye diagrams 
The authors of [7] first used a standard rate equation system, similar to Equations (6-7) with 
modulated photon lifetime, to simulate the small-signal response of the laser. 
Later, a similar model was applied to large-signal dynamics of the laser [14]. The modulated 
parameter was the reflectance of the top cavity, from which the photon lifetime was 
calculated from Equations (6-7). The analysis thus related to both the coupled-resonator 
design and the stopband one, because it was the reflectance that was modulated, as in [7]. 
The results are presented in Figure 32 and Figure 33, both taken from [14]. The main result is 
that in order to achieve high quality modulation (open eye), it is advisable to keep the 
modulated reflectance as high as practical, so that the modulation of the photon lifetime, and 
hence the photon density inside the resonator, is minimised and the mirror works almost as 
an external modulator. The obvious limitation is that the reflectance of the top mirror needs 
to be smaller than that of the bottom mirror in order to have efficient output. 
The simulations also allowed some conclusions to be made regarding the optimal pumping 
conditions. Specifically, Figure 32 shows that the best performance of electrooptically 
modulated VCSELs is realised at moderately small rather than large bias currents [14], which 
is completely different to the case of current modulation, and not immediately obvious from 
the published small-signal analysis of photon lifetime modulation [7]. 
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Figure 32: Modeled response of a VCSEL output power to a reflectivity modulation of the top at different 
values of top mirror reflectivity in the open state. Response to a bit pattern signal is presented in a form of 
eye diagram [14] 
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Figure 33: Modeled response of a VCSEL output power to a reflectivity modulation of the top at different 
values of injection current density. Response to a bit pattern signal is presented in a form of eye 
diagram[14] 
 
Additionally, and possibly more predictably, as seen in Figure 33, eye diagrams are having 
open eyes for relatively low top mirror reflectivity modulation amplitude and lower bit rates.  
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2.4.5 Experimental results on electrooptically modulated VCSELs in the 
literature.  
Experimentally, large-signal NRZ modulation at 40+ GBit/s has been confidently and 
repeatedly demonstrated using this type of device (see [10]). In this paper, an electro-
optically (EO) modulated oxide-confined (VCSEL) is designed with an additional saturable 
absorber near the bottom active cavity. The passive cavity contains a type-II EO superlattice 
medium, which causes a strong negative EO effect in weak electric fields and short pulses in 
the compound laser. Figure 34 shows a schematic structure of an EOM VCSEL with a 
saturable absorber. 
The saturable absorber works is such that: when the voltage applied to the EOM cavity in the 
VCSEL changes (step-like), short pulses are generated [49]. When a voltage is applied (logic 
one) in EOM VCSEL section, the absorption of light is decreasing and when logic zero is 
applied, the absorption of light is increasing (the resonant transparency [50]). 
 
 
Figure 34: A schematic structure of an EOM VCSEL with a saturable absorber [10] 
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When a reverse bias voltage is applied to the EO section, -0.012 change in refractive index at 
840 nm wavelength was estimated theoretically. The authors of [10] estimated further that 
this change in the refractive index would lead to a 3dB extinction ratio. The experimental 
extinction ratio, as shown in Figure 35, is a bit smaller (~ 2dB) but in reasonably good 
agreement. In addition, the refractive index modulation achievable would lead to an open 
electrical and optical eye diagrams as in Figure 36. 
 
 
Figure 35: Lasing spectrum of the EOM VCSEL at I¼2 mA and two different voltages [10] 
 
 
Figure 36: Performance of the RZ transmission of a signal modulated by the electro-optically modulated 
vertical-cavity surface-emitting laser. (a)Electric eye diagram. (b) Optical eye diagram [10]. 
 
2.4.6 Small-signal modulation of EO modulated VCSELs 
Small-signal modulation at low frequencies has been experimentally analysed [11] and 
showed signs of a broad, large resonant peak consistent with the formula presented in [7]. 
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Figure 37 shows the intrinsic bandwidth of the EOM VCSEL; the solid line fits with the 
transfer function in Equation (13) as derived in [51]: 
𝑆21(ω)α
1
𝜏𝑝
ω0
2𝜏𝑝 + 𝑖ω
ω0
2 − ω2 + 𝑖ωγ
 
 
(13) 
 
 
Figure 37: Intrinsic bandwidth of the EOM VCSEL at RT. Electrical parasitics are deconvoluted from the 
measured data yielding an intrinsic bandwidth of 56 ± 5 GHz [11] 
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2.4.7 Using QD stack instead of quantum wells in the top cavity 
Panajotov, Zujewski and Thienpont found that the driving electrical field can be dramatically 
decreased if QD stack is used instead of quantum wells in the top cavity [9]. This reduction of 
linear electrooptical effect can be equal to the one of Lithium Niobate which can go up to r = 
3×10−11m/V [52]. For example, the threshold gain difference when quantum wells are used in 
the top cavity of a coupled cavity (Figure 38) can become 2.5 bigger than the one when 
quantum dot stack is used in the top cavity (Figure 39). This happens when same parameters 
are used and the effective thickness of the QD stack is 10nm to have a smaller QD filling 
factor.  
 
Figure 38: Threshold gains as a function of the modulation electric field EtCav applied to the top-cavity 
with quantum wells [9] 
 
 
Figure 39: Threshold gains as a function of the modulation electric field EtCav applied to the top-cavity 
with quantum dots [9] 
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2.4.8 Elimination of parasitics-related limitations in electrooptic modulation. 
Traveling wave electrode design 
In this section, we concentrated on the electromagnetic/carrier kinetic model only, not 
considering the electrical circuit limitations. Indeed, Zujewski and co-authors have proved 
that the modulation speed limitation due to associated electrical circuit, as studied in [54], of 
coupled-cavity vertical-cavity surface-emitting laser (CC-VCSEL) can be avoided using a 
traveling wave electrode design [55]). 
Their work shows that the RC time constant of a traditional lumped electrode structures can 
be coped with and ignored. They were also able to make impedance of the modulator much 
less than the optimum 50 Ω series resistance by segmented transmission line electrical 
design of the modulator which allow the electrical cutoff frequency to go up to 330 GHz [55]. 
In the previous design by lumped electrodes, the electrical bandwidth can go up to 100 GHz 
[54]. 
 
Figure 40: Scheme of a bottom emitting electrooptically modulated coupled-cavity VCSEL (EOM CC-VCSEL) 
(a) and 3D schematic view of three-section traveling wave electrode EOM CC-VCSEL (b). The top (bottom) 
cavity is independently driven by voltage (current) source [53] 
 
Figure 40 shows the main npn bottom-emitting CC-VCSEL structure used in the 
compensated-parasitics travelling-wave scheme. As usual in the EO modulated design, it 
consists of two cavities: electro-optical modulator (EOM) and active cavities separated by the 
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middle DBR. It contains three DBRs: top, middle and bottom DBRs with 31, 28 and 25 pairs 
respectively. The middle DBR consists of two parts separated by a P current-spreading layers: 
15 pairs above and 13 pairs below the contact layer. 
The top cavity is connected to voltage source in the right side and load resistance in the left 
side. On the other side, the bottom cavity is connected to a current source to the right side. 
Whereas the EOM cavity is connected to traveling wave electrode (TW) electrode and is 
surrounded by two passive sections, the active cavity is connected to a normal signal 
electrode. 
 
Figure 41: 3D scheme (a) and electrical equivalent circuit (b) of the active (modulating) section of the 
modulator cavity of the TW EOM CC-VCSEL [53] 
 
In order to elaborate the equivalent circuit of EO modulated cavity, Figure 41 should be 
explained; it shows the top cavity and its electrical circuit. hn, ha and hp are the lengths of the 
top DBR, the top modulator cavity and the 15 pairs of the middle DBR respectively and the 
total length is HA = hn +ha +hp. Wg is the ground electrode, Wa is the top cavity width, We is the 
micro stripe width and tc and tg are the micro stripe and the ground electrode thicknesses, 
respectively. The shape of the metal electrodes is elliptical as normally assumed and all 
calculations and parameters are taken from [56]. 
The electrical circuit is described in Figure 41 (b); where Zm is the serial impedance which 
includes L1 (the electrode inductance), L2 (the inductive coupling between the substrate and 
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the ground electrode), RCG (the ground metal loss), RSC (the induced current in the substrate) 
and RC (the loss dissipation in the conductor strip). Zm is connected to Rs-top (the series 
resistance of the top and part of the middle DBR layers), Ym (the parallel admittance), Cint (the 
intrinsic region capacitance) and Cext (the strip capacitance). 
 
 
Figure 42: Schemes of the two types of TW EOM structures (top) and simplified equivalent circuit of the 
whole segmented TW-EO modulator (bottom) [53] 
 
In order to calculate the electrical cut-off frequency (up to 330 GHz cut-off frequency), two 
structures of traveling waving EOM (type A and type B) are studied.  Figure 42 shows a 
simplified electrical equivalent circuit of the whole segmented transmission line structure.  
These structures have two passive sections, the first one (p1) is connected to a voltage source 
and the second one (p3) is connected to a load resistance. The active modulator m and the 
passive section p2 are located between p1 and p3 sections. The difference length between the 
radius of the active and passive cavities is called dp2. For type A structure, the height of the 
top cavity (HA) is equal to HA = hn +ha +hp and the bottom cavity height (HB) is equal to HB= 
HA+Hbottom mesa for type B structure. 
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Figure 43: (left) Cut-off frequency fcut-off and maximum reflection max(ΓS) as a function of load 
resistance ZL for type A and type B TW electrode structures and for 3 different values of the ground slot 
width Wg = 12, 18 and 26; (right) Reflection ΓS as a function of modulation frequency for type A and type B 
structures and for the 3 values of Wg [53] 
 
Figure 43 shows that this novel design (type A and type B) proves that the electric parasitics 
are not a limitation on the modulation bandwidth and the cut-off frequency can go up to 330 
GHz at 55 Ω load resistance for type A structure and 85 Ω load resistance for type B structure. 
Type A structure dB reflection can be less than -20 dB when the modulator cavity is 1 λ long 
but the carrier extraction in this case can cause speed limitations. For type A and B, the speed 
limitations might be attributed to the carrier saturation velocity for 1.5 λ long EOM cavity 
with ηM = 77 − 89% modulation efficiency.  Experimentally, 52 GHz cut-off frequency has 
been found in  the design based on electro-optic effect [11].  The result of this work allows us 
to disregard the electric parasitics in our modelling as discussed below, as it shows that they 
can be successfully overcome, so we could focus on intrinsic limitations. 
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2.5 In-plane external cavity and optically injected current-modulated 
laser 
2.5.1 General considerations and theoretical work so far 
Transverse coupled cavity VCSEL is a new design where the modulator mesa is manufactured 
to the lateral side of the VCSEL as shown in Figure 44 [57]. In a series of recent papers (e.g. 
[61] and [67]) it has been shown  that  because of the optical feedback effect, the chirp in this 
design can be reduced to 70% and the 3-dB-modulation bandwidth can be increased to 200% 
compared to the normal VCSEL. The detailed review is given below, but the qualitative 
explanation is that the presence of the external reflectance changes the nature of the 
relaxation oscillation process, which no longer involves just electron-photon resonance but 
also photon-photon resonance, the characteristic frequency of which is the inverse of the 
round-trip period of light in the external cavity. In addition,  it was shown that the optical 
feedback effect can be seen as equivalent to an increase in the differential net gain, and as the 
relaxation oscillation frequency (and hence modulation cutoff) is proportional to the square 
root of the differential gain, this helps in creating high speed and low chirp transverse 
coupled cavity VCSELs. The relaxation oscillation frequency is not the only factor for 
determining the 3-dB modulation bandwidth which is below 20 GHz for normal VSCEL. Other 
important factors of modulation speed are parasitic capacitance and heating effect. The 
frequency of carrier-photon resonance (CPR) can increase the frequency of carrier-photon 
due to the detuned-loading effect [58]. Photon–photon resonance (PPR) can be enhanced and 
increased by the optical feedback due to the beating between different modes in coupled 
cavities [59] which can enhance the modulation bandwidth in small signal responses and 
high-speed operations. Optical feedback can also decrease the frequency chirp (phase noise) 
which increases the efficiency in transmitting data through long distance fibre optics. 
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Figure 44: Schematic structure of the transverse coupled cavity VCSEL [57] 
 
 
The proposed circuit in this design builds on an earlier bow-tie-shaped coupled cavity VCSEL 
whose 3dB bandwidth had been measured at 29 GHz. As shown in Figure 44, the transverse 
mode in the VCSEL can be created by the reflection at the conjunction between the VCSEL and 
the external cavity. The equivalent refractive is created when the transverse waves are 
reflected by the perfect mirror at the end of the external cavity. 
The extension of the 3 dB cut off frequency is made by the few Pico seconds optical delay 
caused by the extended external cavity length by few μm. The chirp can be reduced by the 
detuned loading effect [58] at short delay index difference at the boundary creates this 
reflection which also can create an optical lateral confinement. This effect happens when a 
dispersive loss is created by the optical feedback. As a result, the frequency must be detuned 
away from the dispersive loss minimum which will increase the net gain since it is the gain 
minus loss. As mentioned before, the net gain will increase the modulation bandwidth as it is 
proportional to the relaxation oscillation frequency. 
The following Lang–Kobayashi rate equations [60, 61] are used to model the transverse 
coupled cavity VCSEL. This model has some assumptions and limitations; for example, only 
small coupling strength and delay time can be dealt with in this model since it was assumed 
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that the optical feedback has only one round trip traveling path. The second assumption is 
that by controlling the current injection in the external cavity, the steady state feedback 
phase is also controlled. 
 
𝑑𝑆(𝑡)
𝑑𝑡
= [𝛤𝐺(𝑡) −
1
𝜏𝑝
] 𝑆(𝑡) + 2𝜅𝑐𝑜𝑠𝜃(t)√𝑆(𝑡)𝑆(𝑡 − 𝜏) 
 
 (14) 
 
𝑑𝜑(𝑡)
𝑑𝑡
=
𝛼
2
𝛤𝐺𝑛 − 𝜅𝑠𝑖𝑛𝜃(𝑡)√
𝑆(𝑡 − 𝜏)
𝑆(𝑡)
 
 
(15) 
 
𝑑𝑁(𝑡)
𝑑𝑡
=
𝜂𝐼
𝑞𝑉
−
𝑁(𝑡)
𝜏𝑠
− 𝐺(𝑡)𝑆(𝑡) 
 
(16) 
Here, S(t) is the photon density, N(t) is the carrier density, Γ is the confinement factor, τp is 
the photon lifetime, κ is the coupling strength, α is the linewidth enhancement factor, φ(t) is 
the temporal phase change, θ(t) is the feedback phase. The authors did not present a 
definition of this parameter, but comparing their notations with those of the original paper by 
Lang and Kobayashi [60], it can be recovered that: 
 
𝜃(𝑡) = 𝜑(𝑡) − 𝜑(𝑡 − 𝜏) − 𝜑𝜅 
 
Where 𝜑𝜅 is the argument (phase) of the complex coupling coefficient (exp(j𝜑𝜅)) 
determined by the subwavelength variations in the position of the external reflector.  
The phase 𝜃(𝑡) was then, in general, a variable, with its steady state determined by the 
reflectance phase, reflectance strength, and the linewidth enhancement factor.  
Furthermore, Gn is the net gain, 𝐼 is the injection current, η is the current injection efficiency, 
V is the volume of the active region, τs is the carrier lifetime, τ is the one-round trip delay time 
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in the external cavity and G(t) is the nonlinear material gain, which is determined from a two-
parameter logarithmic approximation: 
𝐺(𝑡) =
𝑣𝑔𝑔
1 + 𝜀𝑆(𝑡)
 ln  [ 
𝑁(𝑡) + 𝑁𝑠
𝑁𝑡𝑟 + 𝑁𝑠
 ] 
 
(17) 
Vg: the group velocity in the vertical direction. 
G:  the material gain coefficient. 
𝜀:   the nonlinear gain coefficient. 
Ns: the carrier density reduction. 
Ntr: the transparent carrier density. 
 
 
Figure 45: IM response of conventional VCSEL (blue line) and coupled cavity VCSEL at the same coupling strength, 
feedback phase and different delay time [57] 
 
Figure 45 shows the small signal response as a function of modulation frequency for different 
delay times. The steady state feedback phase is fixed for these curves (1.08 π) and the 
coupling strength k (radiated power per unit time) is fixed too (κ = 1.5 × 1011 s−1). As shown 
in the figure, the modulation bandwidth is only 10 GHz without optical feedback. On the other 
hand, the modulation bandwidth can get up to 29 GHz when the delay time of 4.8 ps exists 
70 
 
which happens when the external cavity length is 4.8 μm and the group refractive index in the 
lateral direction is 150. When the delay time is longer (e.g. 7 ps), the modulation frequency 
(e.g. 14 GHz) is shorter.  
 
 
Figure 46: IM response of conventional VCSEL (blue line) and coupled cavity VCSEL at the same delay time, 
feedback phase and different coupling strength [57] 
 
 
Figure 47: Phase tolerance of the modulation bandwidth enhancement [57] 
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Figure 46 shows the small signal response as a function of modulation frequency for different 
coupling strengths and at a fixed delay time of 4.7 ps and a steady state feedback phase of 
1.1π. As shown in the figure, when the coupling strengths are increased, the 3-dB modulation 
bandwidths are increased too. 
Figure 47 shows the intensity modulation response as a function of modulation frequency for 
different optical feedback phase. For the in- phase case (the phase angle is 0.15π which is 
very close to zero), the bandwidth is reduced. However, for the out- phase- case, when the 
phase is π, the modulation cutoff frequency is increased, and the laser has a flat response 
similar to that of an over-damped oscillator at moderate frequencies. By small detuning, a 
maximum modulation bandwidth is achieved with a feedback phase of 1.1 π. 
 
 
Figure 48: Calculated normalized effective differential net gain a function of modulation frequency [57] 
 
The authors quantified their results using the concept of effective net differential gain 
determined as [57]: 
𝑔𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒 =
𝑑𝐺𝑛
𝑑𝑁(𝑡)
=
𝑑
𝑑𝑆(𝑡)
𝑑𝑡
𝑆𝑑𝑁(𝑡)
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Here S is the steady state photon density; this parameter (𝑔𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒) is increased in presence 
of feedback, and a corresponding increase in the modulation bandwidth is gained as shown in 
Figure 48. This is because the bandwidth is proportional to the square root of the differential 
net gain. 
The linewidth enhancement factor α in a standard laser design is given by Equation (18): 
𝛼 = −
4𝜋 𝑑𝑛 𝑑𝑁⁄
𝜆. 𝑑𝑔 𝑑𝑁⁄
 
 
(18) 
Where the differential gain and the refractive index are represented by (𝑑𝑔 𝑑𝑁)⁄  and n 
respectively. As is known, [23], the linewidth enhancement factor quantifies the chirp in a 
laser structure. With this in mind, the equation above shows that when the effective 
differential gain is increased, the chirp can be decreased. Using the logic, the authors of [57] 
introduced an effective linewidth enhancement factor for their structure, which is not given by 
Equation (18) (except for a solitary laser with no feedback: κ=0) and is a function of 
modulation frequency, but still quantifies the chirp. 
In order to numerically calculate the effective linewidth enhancement factor, the frequency-
modulation– intensity-modulation (FM–IM) ratio can be used to derive the analytical 
expression and to calculate chirp reduction [62]. The FM–IM ratio or the chirp-power ratio 
(CPR) for a solitary laser can be expressed as [63, 64]: 
𝐶𝑃𝑅𝐼𝑛 𝑎 solitary  𝑙𝑎𝑠𝑒𝑟 =
𝑣
𝑛
𝑑𝑛 𝑑𝑁⁄
𝑑𝑔 𝑑𝑁⁄
2𝜋𝐹𝑚
Γ𝑃
 
Where (𝑣) is optical frequency, (𝐹𝑚) is modulation frequency, (Γ) is mode confinement factor 
and (P) is power. 
From Equation (18), the linewidth enhancement factor α in a standard laser design is: 
𝛼 =
4𝜋 𝑑𝑛 𝑑𝑁⁄
𝜆 𝑑𝑔 𝑑𝑁⁄
 
𝛼 =
4𝜋𝑣
𝑐
𝑑𝑛 𝑑𝑁⁄
𝑑𝑔 𝑑𝑁⁄
 
𝐶𝑃𝑅𝐼𝑛 𝑎 𝑠𝑜𝑙𝑖𝑟𝑎𝑟𝑦 𝑙𝑎𝑠𝑒𝑟 =
𝑐
2𝑛
𝛼
𝐹𝑚
Γ𝑃
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So presumably, by the effective linewidth enhancement factor, the authors of [57] mean the 
following quantity:  
𝛼𝑒𝑓𝑓 =
2𝑛Γ𝑃
𝑐𝐹𝑚
𝐶𝑃𝑅 
 
 
Figure 49: Simulation results of frequency chirp as a function of modulation frequency under different 
coupling strength [57] 
 
Figure 49 shows the effective linewidth enhancement factor as a function of modulation 
frequency for different coupling lengths (using the same parameters of Figure 46). The 
linewidth enhancement factor is 4 without feedback and there is a reduction in chirp when 
the coupling strength is increased because of the increase in effective differential gain as 
expressed in Equation (18). However, when the modulation frequency is less than 10 GHz, 
the effective linewidth enhancement factor can be less than one when coupling strength κ = 
1.6 × 1011 s−1 (same as normal electro-absorption modulators). 
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Figure 50: Phase tolerance of chirp reduction as a function of modulation frequency with a coupling 
strength of 1.6 × 1011 s−1 [57] 
 
Figure 50 shows the effective linewidth enhancement factor as a function of modulation 
frequency for different phase angles (frequency chirps) and for a fixed coupling strength (1.6 
× 1011 𝑠−1). The figure shows that for the case of the in- phase, the frequency chirp is 
increased with a very small feedback phase (about 0) and with a high effective linewidth 
enhancement factor. For the out- phase case, on the other hand, the bandwidth can be 
increased and the chirp can be reduced when the effective linewidth enhancement factor is 
less than one. 
The simulations performed using the model described above imply that such VCSELs with a 
lateral external cavity or transverse coupled cavity VCSEL’s are able to produce a very good 
bandwidth enhancement and a chirp reduction which can be used for future high-speed long- 
and medium-haul networks. It has to be pointed out however that the analysis performed in 
[57, 65, 66] has a certain internal contradiction and so has to be treated with some caution. 
Namely Lang-Kobayashi equations, containing a single delay term proportional to the 
external reflector amplitude reflectance, are derived for the conditions of weak feedback, -
approximately corresponding to the condition κ<<1/τp , whereas in the numerical analysis 
conducted in the papers, this condition is not satisfied.   
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The same team later tried to resolve the contradiction, by implementing a model containing 
multiple reflections in the external cavity, with multiple delays [67]. 
 
Figure 51: Scheme of (a) slow-light feedback in TCC-VCSEL, and (b) structure of a fabricated [67] 
 
Figure 51 (a) shows the scheme of the main structure of the TCC-VCSEL and (b) shows the 
fabricated structure [68]. The external cavity is located to the lateral side of the VCSEL and 
some of the light generated in the VCSEL cavity is leaked to the lateral direction through an 
oxide aperture between the two cavities. According to [61], light is leaked in the lateral 
direction at an angle of 90° which causes slow light leaked in the external cavity. This slow 
light will travel through waveguide of the external cavity of length Lc and will be reflected 
back at the right side of the external cavity and continues to travel round trips in the same 
cavity with (𝜏) period. Where 𝜏 = 2𝑛𝑔𝐿𝑐/𝑐, ng = fn is the group index, c is speed of light in 
vacuum, n is the average material refractive index and f is the slow factor of light which can 
reach values of 30 to 50 according to [61]. In the external waveguide, the light will experience 
𝑒−2𝛼𝑐𝐿𝑐  loss and 𝑒−2𝑗𝛽𝑐𝐿𝑐 phase delay at each round trip.  Where αc = fαm is lateral optical loss, 
αm is the material loss, 𝛽𝑐 = 2π𝑛/(𝜆𝑓) is propagation constant, 𝜆 is the emission wavelength 
and 𝜂 is the coupling ratio at which the light is injected back to the VCSEL. 
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In order to model the above design, rate equations for edge emitting laser with lateral optical 
feedback (OFB) are used as in [65]. The following rate equations must be time delayed due to 
the OFB which means that the electric field E(t) should have a time delay parameter for each 
round trip:  
 
𝑑𝑁
𝑑𝑡
=
𝜂𝑖
𝑒
𝐼 −
𝑁
𝜏𝑠
− 𝐺𝑆 (19) 
 
 
𝑑𝑆
𝑑𝑡
= [𝛤𝐺 −
1
𝜏𝑝
+
𝑣𝑔
𝑊
𝑙𝑛|𝑈|] 𝑆 + 𝛤𝑉𝑅𝑠𝑝 
 
(20) 
 
 
𝑑𝜃
𝑑𝑡
=
1
2
(𝛼𝛤
𝑎
𝑉
(𝑁 − 𝑁𝑡ℎ) −
𝑐
𝑛𝑔𝑊
∅) 
 
(21) 
 
Where N(t) is the electron number, S(t) is the photon number, θ(t), is the optical phase θ(t), G 
is the optical gain and is giving by the gain suppression [69] described in Equation (22): 
 
 𝐺 =
𝑎
𝑉
(𝑁 − 𝑁𝑇)(1 − 𝜀𝑆) 
 
(22) 
 
where a is the differential gain in the active region, V is the volume, NT  is the electron 
numbers at transparency, ε is the gain suppression coefficient, Γ is the confinement factor, τp 
is the photon lifetime, ηi is the injection efficiency, τs is the spontaneous emission electron 
lifetime, Nth is the electron number at threshold and the time-delay function U(t-τ) is giving 
by Equation (23): 
 
 𝑈 = 1 +
𝜂
1 − 𝜂
∑ √1 − 𝜂𝑝
𝑝
𝑒−2𝑝𝛼𝐶𝐿𝐶𝑒−𝑗2𝑝𝛽𝐶𝐿𝐶√
𝑆(𝑡 − 𝑝𝜏)
𝑆(𝑡)
𝑒𝑗𝜃(𝑡−𝑝𝜏)−𝑗𝜃(𝑡) 
 
(23) 
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Figure 52: IM responses when LC= 20 μm under different values of η: (a) with CPR, and (b) with PPR. The 
IM response of the solitary VCSEL (η = 0) is also plotted for comparison [67] 
 
Figure 52 shows the main results of this model considering the time delay and loss in the 
external cavity for each round trip. This figure shows that when the coupling ratio (𝜂=0) in 
the case of normal VCSEL is without feedback, the bandwidth is 23.5 GHz and the carrier 
photon resonance (CPR) peak is at 12 GHz. However, when we compare these values with the 
others for transverse coupled cavity (TCC) VCSEL and for the case for the coupling ratio (𝜂=0.5), 
for example, the bandwidth increased to 33.5 GHz and the carrier photon resonance (CPR) 
peak is at 16 GHz. Moreover, when 𝜂=0.7, the bandwidth becomes 42GHz which is equal to 
79% more than the case without feedback and this percentage is much higher than the one 
expected in [61] which was only 60%. 
Moreover, it can be seen that when the coupling ratio is (𝜂=0.7), the peak for carrier photon 
resonance (CPR) is higher than the peak for photon-photon resonance (PPR) as in Figure 52 
(a). On the other hand, when there is a small change in the coupling ratio (𝜂 from 0.7 to 0.78), 
the peak for photon-photon resonance (PPR) is higher than the peak for carrier photon 
resonance (CPR) as in Figure 52 (b). More details for the PPR effect can be found in [70-75]. 
These graphs were plotted for Lc=20 μm, 0.01 modulation index (m), 8 μm2 oxide aperture 
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and 2 mA bias current. This 8 μm2 oxide aperture is small but for the larger oxide apertures, 
the bandwidth can go up to 20 GHz [76]. 
The results above, while still encouraging, are very different from those of earlier work [57, 
65, 66] . Namely, instead of a single modulation peak, shifted to higher frequencies, as in the 
single-pass model [57, 65, 66], the multiple-pass model predicted two peaks: one at the usual 
electron-photon relaxation frequency and the other in the microwave band, near (or at least 
of the same order as) the round-trip time of the external cavity (the cavity was longer than 
that used in the single-pass model work so the peak was at around 100 GHz).  The relaxation 
oscillation peak could be either slightly shifted to higher frequencies or lower frequencies 
depending on feedback strength, as in the single-pass model (though the shift is not as 
significant as in early work), but the main improvement to the modulation properties came 
from the appearance of the second peak. 
The authors presented their rate equation model without derivation, and so some 
uncertainty remains about its accuracy and applicability limits, and at this time there appears 
to be no experimental work to directly confirm the results. 
 
2.5.2 Experimental results 
In the paper of 2015 and by Xiaodong and co-authors, a transverse coupled cavity vertical 
cavity surface-emitting laser was experimentally demonstrated for the first time at 850 nm 
wavelength and 30 GHz bandwidth [77]. A three dimensional schematic of their device and a 
real image of their fabricated design are shown in Figure 53 and Figure 54, respectively. 
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Figure 53: Schematic view of the 850-nm-band transverse cavity surface emitting laser [77] 
 
 
Figure 54: Top view of one fabricated device, with a mesa footprint of only 14 × 24 𝛍𝐦𝟐 [77] 
 
The size of the VCSEL mesa size is 10 × 14 μm2 and it is 20 × 24 μm2 for the feedback cavity. 
Moreover, the width of the side oxidization and the width of electrical isolation for proton 
implantation are 5 μm and 3 μm, respectively. The modulation can be done by pumping on 
the ground-signal-ground electrode using radio frequency probes. 
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Figure 55 shows the small signals modulation for the main design when the VCSEL is having a 
feedback and it has no feedback and with/without calibration response. It shows that the 
increase in bandwidth is three times more than the one without feedback which is the highest 
bandwidth reported so far (< 30 GHz). The receiver response limit can be equalized using this 
structure by connecting the external cavity to a current bias source as illustrated in the red 
line in Figure 55.   
 
Figure 55: Small-signal frequency responses of the device for different cases. Feedback is enhanced by 
injecting a 0.3 mA current to the feedback cavity [77] 
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Figure 56: Measured large-signal response with data rate of 30 to 40 Gbps (NRZ, PRBS 231 − 1, Vpp = 500 
mV). VCSEL current is 6.2mA with a passive feedback cavity. The isolation width is 3 μm. Extinction ratios 
are ~3.8 dB for all data rates [77] 
 
The large signal modulation can also be seen in Figure 56 in a form of eye diagrams for non-
return-to-zero (NRZ), pseudo-random binary sequences (PRBS), 231 – 1 word length, 500 mV 
peak to peak, 6.2 mA bias current and ∼3.8 dB extinction ratio for all bitrates. While Figure 
56 shows not very clear eye diagrams at higher bitrates, it illustrates opens eyes for all 
bitrates (30 -40 Gbps). The reason of having not very clear eye diagram from higher bitrates 
is the noise associated with light fluctuations in fibre optics cables causing unstable modes 
[78]. 
 
2.5.3 VCSELs with external optical injection 
VCSELs with external optical injection have many advantages for both fundamental and 
applied researches [79-87]. For example, optical injection can be used to speed up 
modulation, to narrow lasing spectrum and to reduce frequency chirp [79, 80, 88]. Under 
certain conditions, VCSELs, and in general, semiconductor lasers can practice nonlinear 
dynamics, such as chaos, one, two and quasi-periods [85-87, 89-93]. These nonlinear 
dynamics have many applications, including coding, security networks and the generation of 
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physical random number. Moreover, the TE and TM polarizations modes for edge-emitting 
semiconductor lasers and the X and Y polarization modes for VCSELS can be improved using 
optical injections as in [94]. 
To overcome the current limitations in 3dB cutoff bandwidth in optical transmission, non-
return-to-zero (NRZ) and four-level pulse amplitude modulation (PAM4) are used. This can 
be done by combining two NRZ signals using PRBS pattern generator and forming a PAM4 
signal whose bandwidth is double than the bandwidth of the NRZ signal [95-99]. One 
example of utilizing this principle was done Hai-Han Lu and co-authors when they were able, 
for the first time, to use optical injection to speed up modulation using a 64 Gb/s PAM4 
VCSEL-based free-space optical (FSO) link. 
Figure 57 shows their main circuit design for the 64 Gb/s PAM4 VCSEL-based FSO 
experimental configuration. PRBS pattern generator can produce two binary NRZ signals, 32 
Gb/s, 900 and 450 mV amplitude, which then are combined into a PAM4 converter. This 
PAM4 converter can then add these NRZ binary signals and produce a 64 Gb/s signal. The 
optical injection to the VCSEL can be done by the distributed feedback (DFB) laser through a 
three-port optical circulator (OC). The erbium-doped filter amplifier (EDFA) will amplify the 
PAM4 signal which then is attenuated by an optical attenuator (VOA). After that the signal is 
converted to a free-space light signal through a free space link and a pair of doublet lenses 
which are connected to an optical fibre which is connected to a photodiode (PD) to convert 
the light signal into a PAM4 signal again. At the receiver side, the digital storage oscilloscope 
(DSO) is used to show and analyse eye diagrams of the PAM4 signal and to process the BER, 
synchronization, equalization, and hard decision. 
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Figure 57: The experimental configuration of the proposed 64 Gb/s PAM4 VCSEL-based FSO links with an 
external light injection scheme [100] 
 
Figure 58 shows how the optical injection to VCSEL has improved the bandwidth for the 
PAM4 signal from 11.2 GHz in the case of free running to 22.8 GHz in the case of optical 
injection. If we divide 22.8 GHz by 11.2 GHz, this gives us more than 2 times increase in the 
bandwidth but it should be noticed that 22.8 GHz PAM4 signal is equal to 64 Gb/s (22.8×√2× 
2 = 64.5 > 64). 
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Figure 58: The frequency responses of the PAM4 VCSEL-based FSO links for the scenarios of free-running 
and injection-locked [100] 
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3. THEORETICAL ANALYSIS OF COMPOUND CAVITY ELECTROOPTICALLY 
MODULATED LASERS. GENERAL CONSIDERATIONS AND STANDARD 
RATE EQUATION MODELLING 
3.1 General considerations 
Αs discussed in the Literature review, electrooptically modulated compound-cavity lasers are 
among the main contenders for ultrafast modulation, but some questions concerning their 
physics and performance remain not answered. The purposes of the work covered in this 
design was therefore to: 
1) Analyse the theoretical limits of the electrooptic modulation of compound-cavity lasers 
considered in Section [2.4].   
2) To investigate their performance as regards chirp and its physical origins, and: 
3) To come up with some recommendations concerning the laser design for high frequency 
modulation (e.g. number of periods in different reflectors). 
The analysis starts with continuing the work started in the paper by Avrutin et al. 1993 [7] on 
simple rate equation analysis (Sections  [2.4.1]) . We found however that, while giving some 
insight into the laser performance, the model is not really capable of analysing the laser 
performance completely, as will be discussed below. 
86 
 
3.2 The model 
Figure 59 shows the schematic of a Compound Cavity Laser which we used in our analysis. 
The laser is formed by two sub-cavities. 
 
Figure 59: Schematic of a Compound Cavity Laser 
  
The top, modulator, sub-cavity is a passive Fabry-Perot resonator whose reflectivity Rm(t) is 
modulated via electro-optically varying the optical properties of a modulator layer contained 
within the sub-cavity by applying time-varying reverse bias voltage. In a typical design, the 
intermediate DBR has 25-35 periods of two layers of alternating composition, the top DBR 
consists of 15-25 periods; the resonator thus can be substantially asymmetric. As has been 
mentioned in the literature, the relatively low Q-factor modulator helps confine efficient light 
coupling and low chirp [12]. The bottom sub-cavity is the active one, containing the 
electrically pumped active layer and terminated by the bottom DBR whose reflectivity is 
assumed to be very large (about 0.999). Three electric contacts are used in our device to have 
a good control when changing the current in the active cavity and the reverse bias voltage for 
the modulator cavity as shown in Figure 59. 
Throughout the analysis, we consider only refractive index modulation (no absorption 
modulation). Indeed, according to [14], the electrorefraction effect [45] plays a dominant role 
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in modulating Rm(t) as compared to electroabsorption. This fact is illustrated in Figure 60 and 
Figure 61. Figure 60 shows the calculated reflectivity versus incident light wavelength for the 
EO modulator and Figure 61 shows the calculated reflectivity versus incident light 
wavelength for the EO modulator with and without absorption. The dash blue line represents 
the reflectivity R1 without absorption and the solid green line represents the reflectivity R1 
with absorption. The two graphs are very similar which indicates that electrorefraction effect 
plays a dominant role in modulating Rm(t) as compared to electroabsorption. However, the 
only difference appears in the notch which is deep and narrow when there is absorption and 
shallow and wide when there is no absorption. This result matches the same result by 
previous authors mentioned in section 2.3.2 as in Figure 20. 
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Figure 60: Calculated Reflectivity versus incident light wavelength for the EO modulator cavity  
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Figure 61: The notch in Figure 60 : With absorption (solid green) without absorption (blue dash) 
 
 
Another noticeable difference between the normal VCSEL and our compound VCSEL is the 
transfer function damping parameter value. In the “off” state, the compound cavity VCSEL has 
a very high top reflector reflectance, meaning a long photon lifetime, which means low 
damping.  Figure 62 and Figure 63 show the comparison between normal VCSEL and 
compound cavity VCSEL in regarding their damping parameter. The damping for the 
compound cavity VCSEL is much smaller than the damping level for the normal VCSEL. 
 𝜏𝑝ℎ𝑜𝑢𝑡
−1 (𝑡) =
𝑣𝑔
2 ∗ 𝐿
𝑙𝑛
1
𝑅𝑏𝑅𝑚(𝑡)
≈
𝑣𝑔
2 ∗ 𝐿𝑎
(𝑇𝑏 + 𝑇𝑚) =
0.8𝑥1010𝑥10−3
2𝑥10−4
= 4𝑥109𝑠−1 (24) 
𝜏𝑝ℎ𝑜𝑢𝑡=25 𝑝𝑠 
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Figure 62: a simulated small-signal modulation curve for a normal VCSEL, photon lifetime is 2 ps 
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Figure 63: a simulated small-signal modulation curve for a compound VCSEL, photon lifetime is 25 ps 
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In a realistic design (see e.g. [14]), the mesas containing the two subcavities have different 
lateral diameters; however, as in previous analysis, we use a purely one-dimensional 
approach, which is justified because the diameter of the active part of the laser is determined 
by the current aperture and is thus smaller than the mesa diameter. In this design, we 
assumed the length confinement factor of 0.0209 and the enhancement factor due to the 
standing wave pattern of 1.83. As a result, the overall confinement factor in the active 
subcavity is assumed to be 0.0209 × 1.83 = 0.0382, as in [23, 101, 102]. 
 
3.3 The formulation of the model 
First, I present the analysis using the standard rate equation model.  This work was published 
in [15] and later expanded in [103]. Within the standard rate equation model, the effect of the 
modulator cavity is represented essentially as photon lifetime modulation. The importance of 
photon lifetime is known both for “standard” current modulation [6], [39] and for advanced 
modulation schemes. Small-signal modulation analysis was presented in [7] and large-signal 
modulation in [14], specifically with the compound cavity in mind, so the main emphasis in 
this part of our work was on improving the small-signal modulation formula taking into 
account modulation of both the photon density and the outcoupling loss. The rate equations 
system used in this part of the work is fairly standard [23], though in our case, it is useful to 
distinguish explicitly between the photon lifetime due to internal loss 𝜏𝑝ℎ−𝑖𝑛 and the photon 
lifetime due to outcoupling loss 𝜏𝑝ℎ−𝑜𝑢𝑡(𝑡) which is what is varied in the process of EO 
modulation: 
 
𝑑𝑁
𝑑𝑡
=
𝜂𝑖𝐼
𝑒𝑉
− (
1
𝜏𝑠𝑝(𝑁)
+
1
𝜏𝑛𝑟
) 𝑁 −
𝐺(𝑁)
1 + 𝜀𝑁𝑝
𝑁𝑝  (25) 
 
 
𝑑𝑁𝑝
𝑑𝑡
=
𝛽𝑠𝑝𝑁
𝜏𝑠𝑝
+ (𝛤
𝐺(𝑁)
1 + 𝜀𝑁𝑝
− (𝜏𝑝ℎ−𝑖𝑛
−1 + 𝜏𝑝ℎ−𝑜𝑢𝑡
−1 )) 𝑁𝑝 
 
 (26) 
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 𝜏𝑝ℎ−𝑜𝑢𝑡
−1 (𝑡) =
1
2𝐿𝑎
ln
1
𝑅𝑏𝑅𝑚(𝑡)
  (27) 
Here, N and Np are the the electron and photon densities, respectively, 𝜂𝑖  is the internal 
quantum efficiency, I is the injected current, e is electron charge, V is the volume of the active 
region, 
 𝜏𝑠𝑝 = [𝐵1𝑁
2/(1 + 𝑏1𝑁)]
−1 and 𝜏𝑛𝑟 = (𝐴1 + 𝐶1𝑁
3)−1 are the spontaneous and nonradiative 
recombination times of carriers, respectively, G(N) is the optical gain in the active layer, 𝜀 is 
gain compression factor (see Table 1), 𝛽𝑠𝑝 is the spontaneous emission factor, 𝛤 is the total 
confinement factor, La is the geometrical thickness of the active subbcavity, Rb is the constant 
bottom reflectance and Rm is the modulated reflectance of modulator subcavity, which is 
calculated as: 
 𝑅𝑚 =   𝑟𝑚𝑟𝑚
∗ ;     𝑟𝑚 = 𝑟𝑎𝑚 +
𝜃𝑎𝑚 𝜃𝑚𝑎𝑟𝑚𝑡𝑒
−𝑗2𝐾𝑚𝐿𝑚
1 − 𝑟𝑚𝑎𝑟𝑚𝑡𝑒−𝑗2𝐾𝑚𝐿𝑚
 (28) 
Here, rkl and θkl are complex (and strictly speaking wavelength dependent, though the 
dependence is relatively weak) amplitude reflectances and transmittances of multistack 
DBRs, with the light incidence direction from layer k  towards layer l , a being defined as 
inside the active cavity, m as inside the modulator cavity, and t as outside the top layer (see 
Figure 59)  calculated at the wavelength λ. 
𝐾𝑚 =
2π𝑛𝑚
λ
=
𝑛𝑚𝜔
𝑐
 
𝐾𝑚 is the spatially average wave vector in the passive (EO modulator) cavity, nm being the 
average refractive index in this cavity, and the wavelength λ (or optical frequency ω) in this 
simplified model is treated as a constant, and c is the speed of light in vacuum. Then, electro-
optic variation of the average refractive index (nm) of the modulator cavity leads to a 
corresponding variation in the wave vector K which makes a change to Rm according to 
Equation (28); this changes the outcoupling photon lifetime 𝜏𝑝ℎ−𝑜𝑢𝑡 (𝑡) as defined by 
Equation (27) which contributes to modulating N and Np as described by Equation (25) and 
Equation (26). 
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Within the small signal analysis of prime interest for us here, the absolute magnitude of the 
variation of Rm and thus 𝜏𝑝ℎ−𝑜𝑢𝑡 (𝑡) for a given variation of nm is not relevant, but it is useful 
to estimate it, both for large-signal analysis and for use in subsequent parts of the thesis.  
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Figure 64: Calculated Reflectivity versus incident light wavelength for the EO modulator cavity 
 
 
Figure 65: Spectral shape of the reflectance notch with nm=3.620 (solid curve) and nm=3.621 (dashed 
curve) calculated using full transfer matrix analysis 
 
Figure 64 shows the calculated reflectivity versus incident light wavelength for the EO 
modulator cavity, for a specific case of the GaAs/Al0.2Ga0.8As 80Ȧ QW laser operating at λ= 
0.9685 µm. It shows that the reflectivity Rm is very close to one for a broad range of the 
wavelength λ between 0.9 µm and 1.1 µm but has a narrow notch at λ≈0.9666 µm. Figure 65  
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illustrates how the position of the notch, and thus the reflectance in the relatively narrow 
range of wavelengths within it, can be modulated by changing the refractive index. It can be 
seen that the notch can be shifted by 1 nm when the reflective index is modulated by ~10-3.  
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Figure 66: Calculated Reflectivity of the passive modulator cavity at the wavelength λ≈0.9666 µm and at 
λ≈0.9670 µm (dashed curve) vs. average refractive index of the cavity 
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Figure 67: Calculated Reflectivity of the passive modulator cavity for 35 periods in the intermediate 
reflector and different periods in the top reflector 
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Figure 66 shows the calculated reflectivity of the passive modulator cavity versus average 
refractive index of the cavity. Similarly, Figure 67 shows the calculated reflectivity of the 
passive modulator cavity for 35 periods in the intermediate reflector and different periods in 
the top reflector. The results of Figure 65, Figure 66 and Figure 67 illustrate that a substantial 
variation of the reflectance is possible with the average refractive index varied by about~10-3, 
but also highlight the narrow wavelength range in which this variation occurs. 
With the dynamics of the electron and photon densities being modelled using Equations (25-
28), the output power can be calculated as: 
 
𝑃 = ℎν𝑝ℎ𝑉𝑜𝑝𝑡 𝜏𝑝ℎ−𝑜𝑢𝑡
−1 (𝑡) 𝑁𝑝(𝑡) 
 
(29) 
Here hνph=hc/λ is the photon energy (ℎ being Planck's constant),  𝑉𝑜𝑝𝑡 is the modal volume, 
and 𝜏𝑝ℎ−𝑜𝑢𝑡
−1  is the ouctoupling photon lifetime as defined above. The main parameters used in 
the simulations, together with their values where appropriate, are summarized in Table 1. 
. 
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Table 1: Compound VCSEL parameters 
Parameter Symbol Value  unit 
transparency value of electron density    Ntr 2.6x1018  cm-3 
linearity parameter   Ns  1.1x1018  cm-3 
Gain constant in three-parameter approximation  go  3000 -  
group velocity   vg  3x1010/3.6  cm/s 
internal quantum efficiency   𝜂 0.8  -  
gain compression factor 𝜀  1.5x10-17 cm3  
Nonradiative recombination coefficient  A1  0.2x108  cm/s 
bimolecular recombination coefficient  B1  0.8x10-10  cm3/s 
bimolecular recombination correction constant b1 1x10-19 cm3 
Auger recombination coefficient   C1 3.5x10-30  cm6/s 
the geometrical thickness of the active subcavity  La 1.04x10-4  cm 
the effective thickness of the modulator Leff 1.04x10-4  cm 
length of modulator subcavity Lm 1.0x10-4  cm 
confinement coefficient in active area  𝛤𝑎  0.0382 -  
confinement coefficient in modulator area  𝛤𝑚 0.3 - 
volume of active subcavity  V 2.4x10-12   cm3 
enhancement factor due to standing wave pattern 𝜁  1.83 - 
internal loss  𝑎𝑖    20  cm-1  
spontaneous emission  𝛽𝑠𝑝  1.2x10-5 -  
reflectivity of the bottom DBR  rb 0.999  -  
reflective index of the active layer na 3.6 - 
reflective index of the modulator layer nm   3.6  - 
threshold current 𝐼𝑡ℎ 0.8 mA 
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3.4 Small Signal Analysis 
In the small signal analysis, as usual, one assumes small harmonic modulation of the 
modulation parameter (in our case, the reflectance Rm of the modulator subcavity) at a 
frequency 𝛺 = 2πF 
𝑅𝑚 = 𝑅𝑚0 + 𝛿𝑅𝑚 exp(𝑗𝛺𝑡) + c. c.,    
Which results in small-signal modulation of the carrier and photon densities,  
𝑁 = 𝑁 + 𝛿𝑁 exp(𝑗𝛺𝑡) + c. c.,    
𝑁𝑝 = 𝑁𝑝0 + 𝛿𝑁𝑝 exp(𝑗𝛺𝑡) + c. c.,   and so 𝑃 = 𝑃0 + 𝛿𝑃 exp(𝑗𝛺𝑡) + c. c.,    
In the small signal approximation,   𝛿𝑁𝑝 =
𝜕𝑃
𝜕𝑅𝑚
 𝛿𝑅𝑚,  
The derivative is obtained by linearising Equations (25, 26, 29) after some manipulation,  we 
get: 
 
𝜕𝑃
𝜕𝑅𝑚
= −ℎν𝑝ℎ𝑉𝑜𝑝𝑡𝑁𝑝0
𝑣𝑔
2𝐿𝑎
−𝛺2 + 𝑗(γ
𝑟𝑒𝑙
− 𝜏𝑝ℎ−𝑜𝑢𝑡
−1 )𝛺 + 𝛺𝑟𝑒𝑙
2 − 𝜏𝑝ℎ−𝑜𝑢𝑡
−1 (𝜏𝑑
−1 + 𝜏𝑠𝑡
−1)
−𝛺2 + 𝑗γ
𝑟𝑒𝑙
𝛺 + 𝛺𝑟𝑒𝑙
2  
 
(30) 
Where as usual 𝑗 = √−1 , ℎ is Planck's constant,  vg is group velocity, ν𝑝ℎ is the reference 
frequency,  𝑉𝑜𝑝𝑡 is the optical mode volume, 𝑁𝑝0 is the photon density at threshold, La is the 
thickness of the active subcavity.   Furthermore, 𝛺𝑟𝑒𝑙   and γ𝑟𝑒𝑙  , as usual in small-signal 
analysis, are the relaxation oscillation frequency and decay decrement:  
𝛺𝑟𝑒𝑙
2 ≈
1
𝜏𝑠𝑡𝜏𝑝ℎ
  , 𝜏𝑠𝑡 being the stimulated carrier lifetime. 
𝜏𝑠𝑡
−1 ≡ 𝑁𝑝
𝜕𝑔
𝜕𝑁
 , 𝑔 is the optical gain in the active layer. 
 γ
𝑟𝑒𝑙
= 𝜏𝑑
−1 + 𝜏𝑠𝑡
−1 +
𝛽𝑠𝑝𝑁
𝑁𝑝𝜏𝑠𝑝
− 𝛤𝑁𝑝
𝜕𝑔
𝜕𝑁𝑝
 (31) 
Where 𝛤 is the confinement factor, 𝑁𝑝 is the average photon density, 𝜏𝑑  is the dynamical 
carrier lifetime, 𝜏𝑑
−1 ≡
𝜕
𝜕𝑁
(
𝑁
𝜏𝑠𝑝(𝑁)
) , 𝜏𝑠𝑝 is the radiative recombination lifetime of carriers. 
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Equation (30) differs from the result presented in [7] in that it takes into account modulation 
of both the photon density and the outcoupling loss which is related to it. This equation thus 
shows the modulation, not of the photon density inside the laser, but of the measurable 
power outside the laser which is also influenced by the outcoupling loss modulation.  
 
 
Figure 68: The logic diagram blocks for the original rate equation model 
 
Figure 68 shows the logic diagram showing the modulation physics for the standard rate 
equation model. In this model, we modulate the reflectivity of the modulator subcavity (Rm), 
which modifies the photon lifetime (τ𝑝ℎ−𝑜𝑢𝑡) and the transmittance Tm=1 – Rm both of which 
contribute to modulation of the output power (P). 
From Equation (30), the 3dB cutoff frequency Ω3dB for the laser considered can be derived in 
the following form: 
 
𝛺 =
√
8𝑧 − 4𝑑 − 2𝑓𝑏 + γ
𝑟𝑒𝑙
2𝑏2 − √(−8𝑧 + 4𝑑 + 2𝑓𝑏 − γ
𝑟𝑒𝑙
2𝑏2)2 − (4 − 𝑏2)(4𝑧2 − 𝑓2)
8 − 2𝑏2
 
(32) 
Where 𝑧 = 𝛺𝑟𝑒𝑙
2 − 𝜏𝑝ℎ−𝑜𝑢𝑡
−1 (𝜏𝑑
−1 + 𝜏𝑠𝑡
−1), 𝑏 =
𝑧
𝛺𝑟𝑒𝑙
2 , 𝑑 = (γ𝑟𝑒𝑙 − 𝜏𝑝ℎ−𝑜𝑢𝑡
−1   )
2
 and 𝑓 = 𝑏𝛺𝑟𝑒𝑙
2 . 
98 
 
0.01 0.1 1 10 100 1000
-10
0
10
20
I=10I
th
I=3.5I
th
I=2I
thm
o
d
u
la
ti
o
n
 t
ra
n
s
fe
r 
fu
n
c
ti
o
n
, 
d
B
modulation frequency, GHz
 
Figure 69: Calculated small-signal response of electrooptic laser modulation at three different values of 
bias current 
 
Figure 69 shows calculated small-signal response of electrooptic laser modulation at three 
different values of bias current. It illustrates a somewhat unusual result of the analysis, 
namely, the fact that the concept of 3 dB cutoff frequency as a measure of modulation speed 
is, strictly speaking, not applicable to electrooptically modulated coupled-cavity VCSEL. 
Indeed, the phase relations between the modulation of the photon density (which, as shown 
in [7], decays as 1/ω at high modulation frequencies) and the modulation of the mirror loss 
(which depends directly on Rm and thus, neglecting the circuit parasitics as dicussed below, is 
modulation frequency independent) are both current and frequency dependent.  As a result, 
at high enough currents we get a situation when at high frequencies (above the electron-
photon resonance) the laser response is higher than at low frequencies approaching DC. In 
terms of the 3dB cutoff frequency, this means that this parameter tends to infinity as the 
current approaches a certain critical value Icrit which can be estimated as: 
 𝐼𝑐𝑟𝑖𝑡 ≈ 𝐼𝑡ℎ+
𝑒𝑣𝑔𝑔𝑡ℎ𝑉𝜏𝑑
−1
𝜂𝑖(2𝐺′𝑁−𝜀𝜏𝑑
−1)
 (33) 
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Where 𝜏𝑑
−1 =
𝜕
𝜕𝑁
(
𝑁
𝜏(𝑁)
), e is electron charge, 𝐺′𝑁 = 𝑣𝑔𝑔′𝑁 is the differential gain at (𝐼 = 𝐼𝑡ℎ), 𝐼𝑡ℎ 
and 𝑔𝑡ℎ are the current and gain at threshold, respectively, 𝜀 is the gain compression factor, 𝑉 
is the active layer volume and 𝜂𝑖  is the internal quantum efficiency. 
 
Figure 70: Calculated 3dB cut-off frequency vs bias current for small-signal response of electrooptic laser 
modulation 
 
At I > Icrit, modulation frequency cannot be defined within the standard rate equation 
approach. In fact, as seen in Figure 70, showing the current dependence of the 3dB cutoff 
frequency, its values are actually unphysically high even at currents approaching, but below, 
Icrit. This is a limitation of the standard rate equation model that will be addressed below. 
 
3.5 Large Signal Analysis 
As in previous simulations using the rate equation model [7, 11, 14], we used Equations (25-
29) to produce eye diagrams of large signal modulation. The diagrams (unfiltered) are shown 
in Figure 71, Figure 72 and Figure 73 for three values of current (1.5mA, 5mA and 30mA, 
respectively).  Mathematically, the quality of eye diagrams is characterized by the quality 
factor: 
 𝚀 =
𝑃(1) − 𝑃(0)
ℴ(1) + ℴ(0)
 (34) 
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 Where 𝑃(1), 𝑃(0) are the mean values of the power corresponding to the logical one and zero 
states, respectively; ℴ(1), ℴ(0)  are the corresponding standard deviations.  
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Figure 71: Eye diagram for 1.5mA VCSEL, 40GBit/s bit rate 
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Figure 72:  Eye diagram for 5mA VCSEL, 40GBit/s bit rate 
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Figure 73: Eye diagram for 30mA VCSEL, 40GBit/s bit rate 
 
 
In agreement with earlier simulations using a similar model [14], we find that overall, 
relatively low currents tend to produce higher modulation quality. However, the quality of 
large signal modulation depends non-monotonically on bias current, e.g. the eye diagram 
quality factor for 5 mA is higher than the other two currents. This is due to the effects of the 
small modulation contrast at smallest currents (the numerator of Equation (34)), on the one 
hand, and the large switch-on and switch-off times leading to a large standard deviation of 
the on-state (denominator of Equation (34)); a moderate current thus offers an optimum 
quality of modulation. 
 
Relatively Weak Modulation Amplitudes (reflectivity: 0.9422-0.9414=0.0008) 
In this part, the analysis is made for relatively weak modulation amplitudes (reflectivity: 
0.9422-0.9414=0.0008). The quality factors are calculated versus different bias currents for 
modulation frequencies are 20 GBit/s, 40 GBit/s and 80 GBit/s. 
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Figure 74: Q-Factor for 20 GBit/s Bit Rates (R=0.9422-0.9414=0.0008). At Current=4.5mA, the Frequency 
=5GHz. At Current=15.7mA, the Frequency =10GHz 
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Figure 75: Q-Factor for 40 GBit/s Bit Rates (R=0.9422-0.9414=0.0008). At Current=4.5mA, the Frequency 
=5GHz. At Current=15.7mA, the Frequency =10GHz 
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Figure 76: Q-Factor for 80 GBit/s Bit Rate (R=0.9422-0.9414=0.0008). At Current=4.5mA, the Frequency 
=5GHz. At Current=15.7mA, the Frequency =10GHz. At Current=34.4mA, the Frequency =15GHz 
 
Figure 74, Figure 75 and Figure 76 show the quality factor versus different bias currents for 
relatively weak modulation amplitudes. These curves are calculated for 20 GBit/s, 40 GBit/s 
and 80 GBit/s modulation frequency, respectively. The figures show that quality factor of 
relatively weak modulation amplitudes depends non-monotonically on bias current which is 
improved with reflection modulation contrast. It might be attributed to sub-harmonic 
resonance with relaxation oscillations non-monotonic relationship between quality factor 
and current as shown in Figure 77. This figure shows resonance frequencies as a function of 
bias currents for small signal analysis. When currents in this figure are 5 mA, 15 mA and 30 
mA, the corresponding frequencies in small signal analysis are 5 GHz, 10 GHz and 15 GHz, 
respectively. These three frequencies in the small signal analysis corresponds to three peak 
quality factors in the large signal analysis as shown in Figure 74, Figure 75 and Figure 76. 
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Figure 77: Resonant frequency versus current for small signal 
 
Larger Modulation Amplitudes (reflectivity: 0.949-0.941= 0.0080): 
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Figure 78: Q-Factor for 20 GBit/s Bit Rates (0.949-0.941= 0.0080) 
 
Figure 78 shows the quality factor versus current from 1mA until 40mA for larger 
modulation amplitudes (reflectivity: 0.949-0.941= 0.0080). This curve is calculated for 20 
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GBit/s modulation frequency and it shows a peak at 35mA. It should be noticed that the 
corresponding frequency for 35mA is 15GHz for small signal response as shown in Figure 77. 
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Figure 79: Q-Factor for 40 GBit/s Bit Rates (0.949-0.941= 0.0080) 
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Figure 80: Q-Factor for 80 GBit/s Bit Rates (0.949-0.941= 0.0080) 
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Figure 79 and Figure 80 show the quality factors for varying current for 40 GBit/s and 80 
GBit/s modulation frequency, respectively. Both curves are analysed for larger modulation 
amplitudes (reflectivity: 0.949-0.941= 0.0080). Figure 79 and Figure 80 showed a peak in 
quality factors at 5mA bias current which is corresponding to 5GHz (sub-harmonic of 
modulation frequency) for small signal response as shown in Figure 77. 
 
3.6 Chapter summary 
In this chapter, we found that the quality factor of the eye diagrams for large signal 
modulation depend non-monotonically on bias current. It might be attributed to sub-
harmonic resonance with relaxation oscillations non-monotonic relationship between quality 
factor and current. We also found that in agreement with earlier simulations using a similar 
model, relatively low currents tend to produce higher modulation quality and the quality of 
large signal modulation depends non-monotonically on bias current. 
In this chapter, we model the reflectance modulation in the compound VCSEL as the photon 
lifetime modulation, and we found that the previous authors modelled modulation of the 
power inside the active region not the output power emitted from the top DBR’s. We included 
the modulation of actual outpot power in the model and  found that: 
• No high frequency roll-off existed in small-signal modulation at I>Icritical, therefore the  3 dB 
cutoff frequency as a measure of laser performance could not be determined at such currents 
in this model. 
• Quality of large signal modulation depended non-monotonically on bias current, improved 
with reflection modulation contrast; this can be attributed to sub-harmonic resonance with 
relaxation oscillations. 
Since not having a 3 dB cutoff frequency is not realistic, we decided to develop the standard 
rate equations model into a more complex model to include the phases of the fields and also 
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the finite response speed of the modulator section.  We also considered the selective nature 
of the modulator section reflectance (both its amplitude and phase) in the next chapter.   
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4. THE MODIFIED RATE EQUATION MODEL  
4.1 Introduction 
In order to understand the laser performance more accurately, and to gain some 
understanding of the aspects of it which the rate equation model does not capture (the 
linewidth broadening performance and the ultimate limitations to the modulation properties 
of electrooptically modulated lasers), a somewhat more complex model involving careful 
analysis of both amplitude and frequency/phase of laser emission, as well as the spectrally 
selective nature of the laser cavity, is necessary. 
In designing the model, we follow the approach used previously for DFB lasers (see e.g. 
[101]) and for multimode compound cavity lasers ( see e.g. [104] ). Namely, the laser cavity is 
treated as a complex resonator, and a complex eigenfrequency of this resonator is found, 
which is then used to describe the laser dynamics. Τhe electrooptically modulated VCSEL is 
very naturally suited for such an approach, because the complex resonator in this case can be 
defined by considering the active sub-cavity as a quasi-Fabry-Perot resonator terminated, on 
one side, by the bottom reflector with an amplitude reflectance rb and on the other side, by 
the EO modulator subcavity treated as a passive, frequency-dependent reflector with a 
complex reflectance rm(ω), where ω is the complex eigenfrequency sought.  The value of 
rm(ω) is calculated from Equation (28) with the average wave vector in the form of: 
 𝐾𝑚(𝜔) =
(𝑛𝑚 + 𝛤𝑚∆𝑛𝐸𝑂)𝜔
𝑐
 (35) 
Here, ∆𝑛𝐸𝑂 describes the time-dependent correction to the refractive index of the modulator 
layer caused by electrooptic modulation.  𝛤𝑚 ≈
𝑑𝑚
𝐿𝑚
 (assuming the modulator layer is thick 
enough that the standing wave factor is near one) is the confinement factor of the modulator 
layer, dm being the modulator layer thickness and Lm, the total physical thickness of the 
modulator cavity, including any spacer layers between the modulator layer and the DBRs but 
not including the penetration into mirrors. The complex eigenfrequency is then found by 
solving the usual threshold/resonant condition of a Fabry-Perot type cavity (due to the short 
cavity length, the equation has only one solution): 
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𝑟𝑚(𝜔)𝑟𝑏(𝜔) exp [2 (−𝑗
(𝑛𝑎 + Δ𝑛𝑎)ω
𝑐
+ 𝛤𝑎
𝑔
2
) 𝐿𝑎] = 1 
 
(36) 
It is convenient to write this solution in terms of a frequency correction 𝛥ω = ω − ω𝑟𝑒𝑓 , 
where the (real) reference frequency ω𝑟𝑒𝑓 is arbitrary but can be conveniently taken, for 
example, as the position of the notch (Figure 64) in either on or off-state.  Then, the complex 
instantaneous frequency correction 𝛥ω is defined from a transcendental equation: 
 
𝛥ω = 𝑣𝑔 [−
𝑗
2
(𝛤𝑎𝑔 −
1
𝐿𝑎
ln
1
𝑟𝑚(ω𝑟𝑒𝑓 + 𝛥ω)𝑟𝑏
) −
Δ𝑛𝑎 ω𝑟𝑒𝑓
𝑐
+ (
𝑞𝜋
𝐿𝑎
−
𝑛𝑎ω𝑟𝑒𝑓
𝑐
)] 
 
(37) 
Here, 𝛤𝑎 is the confinement factor for the active area, g is the time-dependent gain, na is the 
refractive index of the active layer subcavity, averaged over the length in the same way as nm 
is averaged over the modulator subcavity. The refractive index varies in time primarily due to 
self-phase modulation in the active layer; its time-dependent part can be quantified as: 
 Δ𝑛𝑎 ≈
𝑐
2ω𝑟𝑒𝑓
𝛤𝑎𝛼𝐻(𝑔 − 𝑔𝑡ℎ) (38) 
where αΗ is the Henry linewidth enhancement factor in the active layer and gth is the gain at 
threshold. 
The choice of reference frequency near the modal frequency to ensure that |𝛥ω| ≪ ω𝑟𝑒𝑓 
means that we can introduce a parameter q which is the number of half-wavelengths of light 
in material fitting (roughly) in the distance La. It depends on the VCSEL design, mainly the 
thickness La, and it is an integer number chosen in such a way that: 
 𝑞 ≈
2𝑛𝑎𝐿𝑎
λ
−  
1
2𝜋
arg (𝑟𝑚𝑟𝑏) (39) 
where λ=2𝜋𝑐/ω𝑟𝑒𝑓 is the operating wavelength, and rm can be estimated in the on- or off-
state. 
The frequency ω (or frequency correction Δω) has a real part, which determines the time-
dependent spectral position of the lasing mode and thus the chirp of laser emission, and an 
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imaginary part, which reflects the balance of gain and loss (the latter including the 
outcoupling loss, which is frequency dependent through rm(ω). The imaginary part 
determines the dynamics of photon density (in the active cavity) Np, giving a modified rate 
equation in the form: 
 
𝑑𝑁𝑝
𝑑𝑡
= −2 ∗ Im(𝛥ω(𝑡))𝑁𝑝(𝑡) +
𝛽𝑠𝑝𝑁
𝜏𝑠𝑝(𝑁)
 (40) 
The dynamics of the electron density is determined by Equation (25) as in the standard rate 
equation model. The addition of the electromagnetic Equation (40), however, offers a number 
of additional capabilities that are absent in the standard rate equation model. Firstly, the 
modified model allows us to deal with modulation of the refractive index more directly. In 
this model, we are modulating refractive index, not the photon lifetime as in the standard 
model. Secondly, by describing frequency and phases, as well as intensity, of the signal, we 
can evaluate the chirp and optical spectra. Finally, we can take into account the speed 
limitations because of the spectral selectivity of the modulator cavity (spectral width of the 
notch in Figure 64).   The latter two points however require an additional modification to the 
model. Namely, in the simple rate equation model one assumes an instantaneous relation 
(Equation 29) between the photon density and the output power. In subsequent calculations, 
this led to abrupt fronts in the eye diagram as will be shown below (Figure 90). In the more 
accurate model, we need to replace this instantaneous relation with an additional differential 
equation taking into account the electromagnetic resonance in the modulator cavity as will be 
shown below (Figure 91).  The equation is derived by considering the modulator section in 
frequency domain and then substituting the imaginary part of the frequency correction by a 
time derivative. The result is conveniently expressed as: 
 
𝑑?̃?𝑡
𝑑𝑡
= (−
1
2𝜏𝑐𝑚
− 𝑗 ( Δω′(t) − Δω𝑛0 +  𝛤𝑚
𝛥𝑛𝐸𝑂(𝑡)
𝑛𝑔
ω𝑟𝑒𝑓)) ?̃?𝑡 +
√2𝑇𝑖𝑇𝑡
4
𝑣𝑔
𝐿𝑒𝑓𝑓,𝑚
𝐸𝑎  (41) 
 
 𝜏𝑐𝑚 =
𝐿𝑒𝑓𝑓,𝑚
𝑣𝑔(1 − √𝑅𝑖𝑅𝑡)
≈
2𝐿𝑒𝑓𝑓,𝑚
𝑣𝑔(𝑇𝑖+𝑇𝑡)
 (42) 
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Here, ?̃?𝑡 = 𝐸𝑡exp (𝑗𝜑𝑡) describes the complex amplitude of the output field emitted from the 
modulator subcavity (the top mirror), 𝐸𝑎 = √𝑁𝑝 is the field amplitude inside the active 
subcavity. Note that in the equation written in the form above, Ea  is a real value, which means 
that the complex amplitude of the output light is actually Ẽt
′ = Ẽtexp (𝑗 ∫ 𝛥𝜔′𝑑𝑡) , where 
Δω’=Re(Δω)  is the instantaneous frequency correction in the active cavity. Furthermore, 
Δωn0=ωn0-ωref  is the position of the notch in the modulator subcavity transmission in the 
absence of modulation (ΔnEO=0),  τcm is the effective photon lifetime in the modulator cavity 
(which was neglected in the simple model since it was assumed to be very fast), 𝑅𝑖 = |𝑟𝑚𝑎|
2 
and 𝑅𝑡 = |𝑟𝑚𝑡|
2 are the intensity reflectances of the intermediate and top reflectors (the two 
reflectors forming the modulator cavity) respectively, 𝑇𝑖 = 1 − 𝑅𝑖 , 𝑇𝑡 = 1 − 𝑅𝑡 are the 
transparencies of the intermediate and top DBR stacks, and: 
 
𝐿𝑒𝑓𝑓,𝑚 = 𝐿𝑚 +
𝑣𝑔
2
(|
𝜕
𝜕ω
arg (𝑟𝑚𝑎)| + |
𝜕
𝜕ω
arg (𝑟𝑚𝑡)|)|
𝜔𝑟𝑒𝑓
 
 
(43) 
Is the effective thickness of the modulator section (𝐿𝑚 𝑖𝑠 being its physical thickness as in 
Section 3.2). The effective thickness is typically a fraction of a micron greater than the 
physical one, as it considers the penetration of the field into the mirrors. The power emitted 
from the laser can be calculated as: 
 𝑃 ≈  𝑣𝑔ħ𝜔𝐴𝑥𝐸𝑡
2 (44) 
Where 𝐴𝑥 is the cross-section of the top mirror.  The instantaneous frequency determining 
the chirp of the output laser emission is: 
 𝛥𝜔𝑡 =
𝑑
𝑑𝑡
arg(?̃?𝑡
′) = Re(𝛥ω(t)) +
𝑑
𝑑𝑡
arg(?̃?𝑡) (45) 
It is worth noting that an alternative formalism for describing the laser dynamics with phase 
included would consist of writing out an equation similar to Equation (41) for the active 
subcavity, with an injection term representing light reflected from the modulator cavity, 
rather than solving a transcendental Equation (37) for the instantaneous frequency. A model 
of that type treats the laser as a system of two subcavities, one active, one passive but 
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modulated, treated on the same footing.  The results should be very similar to those of the 
current formalism so long as the dynamics of light inside the active cavity remain slower than 
the modulator cavity round-trip (which is the case for most realistic designs). We chose the 
formalism presented above as it represents an easy logical step from the simple rate equation 
model. Indeed, in the absence of the explicit expression for the frequency dependence of rm , 
interrelated with the laser chirp as described by Equation (37) , i.e. with a constant Δω, 
Equation (26) is reduced to Equation (40) and so the modified rate equation model is 
reduced to the standard rate equation one.  
 
4.2 Checking the modified rate equations model 
In order to check the accuracy of the model, the following steps were taken: 
1. Δω is made variable. (within the limits -1012 to + 1012 s-1). 
2. Km, the wave vector magnitude, is calculated using the usual equation: 
𝐾𝑚 =
2π𝑛𝑚
λ
=
𝑛𝑚𝜔
𝑐
≈ 𝐾𝑟𝑒𝑓 +
𝜔𝑟𝑒𝑓Γ𝑚Δ𝑛 + 𝑛𝑟𝑒𝑓Δ𝜔
𝑐
 
3. rm, the reflectance coefficient, is calculated using the usual equation for a Fabry-Perot 
resonator reflectance: 
𝑅𝑚 =   𝑟𝑚𝑟𝑚
∗ ;     𝑟𝑚 = 𝑟𝑎𝑚 +
𝜃𝑎𝑚 𝜃𝑚𝑎𝑟𝑚𝑡𝑒
−𝑗2𝐾𝑚𝐿𝑚
1 − 𝑟𝑚𝑎𝑟𝑚𝑡𝑒−𝑗2𝐾𝑚𝐿𝑚
 
4. Δω is calculated using its definition: 
𝛥ω = 𝑣𝑔 [−
𝑗
2
(𝛤𝑎𝑔 −
1
𝐿𝑎
ln
1
𝑟𝑚(ω𝑟𝑒𝑓 + 𝛥ω)𝑟𝑏
) −
Δ𝑛𝑎  ω𝑟𝑒𝑓
𝑐
+ (
𝑞𝜋
𝐿𝑎
−
𝑛𝑎ω𝑟𝑒𝑓
𝑐
)] 
The final Δω vs the initial Δω is plotted (Figure 81): 
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Figure 81: The initial Δω [red] and the final Δω [blue] 
 
Figure 81 shows the final Δω (solution) vs the initial Δω vs frequency correction. The 
intersection between the two graphs for the final Δω and the initial Δω occurs at a very small 
frequency correction, which implies that the model is correct because the smallness of 
correction was one of the model assumptions.  
Figure 82 shows the photon density and imaginary frequency correction vs normalized time. 
It shows that when the rate of change for photon density is increasing, the imaginary part of 
the frequency correction is negative and when the rate of change for photon density is 
decreasing, the imaginary part of the frequency correction is positive which copes with the 
rate equation for photon density: 
𝑑𝑁𝑝
𝑑𝑡
= −2 ∗ Im(𝛥ω(𝑡))𝑁𝑝(𝑡) +
𝛽𝑠𝑝𝑁
𝜏𝑠𝑝(𝑁)
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Figure 82: The photon density and imaginary frequency correction vs normalized time 
 
Another aspect of checking the model was also taken by comparing between the Lorentzian 
and exact transmittance vs the frequency correction as in Figure 83. This is important for the 
Equation (41) describing the dynamics of the modulator section [4.1], which assumes a 
Lorentzian shape of the transmission peak: 
𝑑?̃?𝑡
𝑑𝑡
= (−
1
2𝜏𝑐𝑚
− 𝑗 ( Δω′(𝑡) − Δ́ ω𝑛0 +  𝛤𝑚
𝛥𝑛𝐸𝑂(𝑡)
𝑛𝑔
ω𝑟𝑒𝑓)) ?̃?𝑡 +
√2𝑇𝑖𝑇𝑡
4
𝑣𝑔
𝐿𝑒𝑓𝑓,𝑚
𝐸𝑎  
 The following figure shows that both graphs are similar within a wide range of frequencies:  
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Figure 83: Transmittance (1-Rm) vs frequency correction in [Hz], the Lorentzian (blue), and the exact (red) 
 
4.3 Small signal analysis 
To analyse the small signal response, the dynamic variables are given small variations, as in 
the standard rate equation model. The origin of modulation in this case is the electrooptically 
modulated refractive index: 
𝛥𝑛𝐸𝑂 = 𝛥𝑛𝐸𝑂0 + 𝛿𝑛𝐸𝑂 exp(𝑗𝛺𝑡) + c. c., 
This leads to small-signal modulation of the photon densities in the active cavity and outside 
the laser, as in the case of standard rate equations: 
𝑁 = 𝑁 + 𝛿𝑁 exp(𝑗𝛺𝑡) + c. c., 
𝑁𝑝 = 𝑁𝑝0 + 𝛿𝑁𝑝 exp(𝑗𝛺𝑡) + c. c.,   𝑃 = 𝑃0 + 𝛿𝑃 exp(𝑗𝛺𝑡) + c. c., 
which in terms of internal field is expressed as: 
𝛿𝐸𝑎 =
𝛿𝑁𝑝
2√𝑁𝑝
 
 and in addition of the lasing frequency and phase:  
𝛥𝜔 = 𝛥𝜔0 + 𝛿𝜔 exp(𝑗𝛺𝑡) + c. c., 
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𝛥𝜑𝑡 = 𝜑𝑡0 + 𝛿𝜑𝑡 exp(𝑗𝛺𝑡) + c. c., 
(the latter only required if small-signal chirp is analysed). 
The steady state values of the carrier and photon densities N0 and Np0 as well as the operating 
frequency ∆𝜔0, have to be found from the steady state solutions of the rate equation system, 
including the transcendental Equation (37), and so cannot be written in a closed form.  The 
linear differential Equation (41), on the other hand, can be easily solved in steady state, 
giving the transmission properties of the modulator subcavity: 
 𝐸𝑡0 =  
√2𝑇𝑖𝑇𝑡
𝑇𝑖+𝑇𝑡
cos 𝜑𝑡0𝐸𝑎0 (46) 
Where 
tan 𝜑𝑡0 = −2𝜏𝑐𝑚 ∆𝜔𝑖 
And 
∆𝜔𝑖 = ∆𝜔0 + 𝛤𝑚
∆𝑛𝐸𝑂0
𝑛𝑚
𝜔𝑟𝑒𝑓 
is the steady state detuning between the incident light and the position of the transmission 
notch in the modulator subcavity. A combination of the three equations above gives the 
steady-state relation between the internal and output intensity or power as: 
 
 
|
𝐸𝑡0
𝐸𝑎0
|
2
=  
2𝑇𝑖𝑇𝑡
(𝑇𝑖+𝑇𝑡)2
1
1 + (2𝜏𝑐𝑚 ∆𝜔𝑖)2
 (47) 
which stems from the assumption Δω<<ωref and is a very good approximation for the actual 
form presented in Figure 64 and Equation (28); note that the result differs from the 
transmittance of the modulator section by a factor of two, as only half of the internal intensity 
is travelling in the output direction. 
Linearising the differential Equation (41), we can relate the small-signal modulations of light 
amplitude outside and inside the laser as: 
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𝛿𝐸𝑡 =   
1
(𝑗𝛺 +
1
2𝜏𝑐𝑚
)
2
+ 𝛥𝜔𝜄2
 
[(
1
2𝜏𝑐𝑚
(𝑗𝛺 +
1
2𝜏𝑐𝑚
) − ∆𝜔𝑖
2)
√2𝑇𝑖𝑇𝑡
(𝑇𝑖+𝑇𝑡)
cos 𝜑𝑡0𝛿𝐸𝑎 + ∆𝜔𝑖𝐸𝑡0 (𝛿𝜔 +
𝛤𝑚𝜔𝑟𝑒𝑓
𝑛𝑚
𝛿𝑛𝛦𝛰)] 
 
(48) 
Linearisation of the transcendental Equation (37) gives a small-signal complex frequency 
variation in the form: 
 𝛿𝜔 = −𝑗𝑣𝑔
𝛤𝑎(1 − 𝑗𝛼𝐻)𝛿𝑔 +
1
2𝐿𝑎
𝛤𝑚
𝜕𝑟𝑚
𝜕𝑛𝑚
𝛿𝑛𝐸𝑂
1 + 𝑗
𝑣𝑔
2𝐿𝑎
(
𝜕𝑟𝑏
𝜕𝜔 +
𝜕𝑟𝑚
𝜕𝜔 )|𝜔𝑟𝑒𝑓
 (49) 
Interestingly, although we did not explicitly introduce the effective cavity length for the active 
subcavity, the denominator of this equation effectively contains it. In Equation (50), the 
variation of gain at the modulation frequency is determined in the same way in standard rate 
equations, namely: 
 
𝛿𝑔 =
𝑎0
1 + 𝜀𝑁𝑝
𝛿𝑁 −
𝜀𝑔
(1 + 𝜀𝑁𝑝)
2 𝛿𝑁𝑝 
 
(50) 
Where 𝑎0 = 𝜕𝑔/𝜕𝑁 at threshold 
Finally, the expressions for photon (and electron) density variations can be obtained in a 
closed form: 
 
𝛿𝑁𝑝 = −
𝐴𝐶(𝑗𝛺 − 𝐻)𝑁𝑝0𝛿𝑛𝐸𝑂
−𝛺2 + (𝐻 − 𝐷)𝑗𝛺 − (𝐷𝐻 + 𝐸𝐹)
 
 
(51) 
 𝛿𝑁 =
−𝑁𝑝𝐴𝐶𝛿𝑛𝐸𝑂𝐹𝑗𝜔𝑚 − 𝑁𝑝𝐴𝐶𝛿𝑛𝐸𝑂𝐻𝐹
−𝑗𝛺3 − (−𝐷 + 2𝐻)𝑗𝛺2 + [𝐻(𝐻 − 𝐷) − (𝐷𝐻 + 𝐸𝐹)]𝑗𝛺 − 𝐻(𝐷𝐻 + 𝐸𝐹)
 (52) 
Where: 
𝐴 =
𝑣𝑔
(
𝐿𝑒𝑓𝑓
𝐿𝑎
)
2
+ (
𝑣𝑔
2𝐿𝑎
𝜕𝑟𝑚
𝜕𝜔 )
2
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𝐿𝑒𝑓𝑓,𝑚 = 𝐿𝑚 +
𝑣𝑔
2
(|
𝜕
𝜕ω
arg (𝑟𝑚𝑎)| + |
𝜕
𝜕ω
arg (𝑟𝑚𝑡)|)|
𝜔𝑟𝑒𝑓
 
𝐿𝑒𝑓𝑓,𝑚 is the effective thickness of the modulator. 
𝐵 =
𝐿𝑒𝑓𝑓
𝐿𝑎
𝛤 + 𝛼𝐻
𝑣𝑔
2𝐿𝑎
𝜕𝑟𝑚
𝜕𝜔
 
𝐶 =
𝛤𝑚
𝐿𝑎
2 (𝐿𝑒𝑓𝑓
𝜕𝑟𝑚
𝜕𝑛𝑚
+
𝑣𝑔
2
𝜕arg (𝑟𝑚)
𝜕𝑛𝑚
𝜕𝑟𝑚
𝜕𝜔
) 
𝐷 =
𝑁𝑝𝐴𝐵𝜀𝑔
(1 + 𝜀𝑁𝑝0)
2 
𝐸 = −
𝑁𝑝𝐴𝐵𝑎0
1 + 𝜀𝑁𝑝0
+
𝛽
𝜏𝑐𝑚
 
𝐹 =
𝑣𝑔𝑁𝑝𝜀𝑔
(1 + 𝜀𝑁𝑝0)
2 − 𝑣𝑔𝑔 
𝐻 =
𝑣𝑔𝑁𝑝0𝑎0
1 + 𝜀𝑁𝑝0
+
1
𝜏𝑐𝑚
 
 
Figure 84: The logic diagram blocks for the modified rate equation model 
 
Figure 84 illustrates the logic of the modified rate equation model. In this model, we modify 
the refractive index (nm) of the modulation layer, which changes the complex reflectance and 
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transmittance and also modifies the operating wavelength of the laser, all of which modulate 
the output power (P). 
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Figure 85: Calculated small-signal response of electrooptic laser modulation at three different values of 
bias current (for 35 periods in the intermediate reflector and 17 periods in the top reflector) 
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Figure 86: Calculated small-signal response of electrooptic laser modulation for different top DBR periods 
and 35 periods in the intermediate DBR; current 10 mA 
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Figure 85 shows calculated small-signal response of electrooptic laser modulation at three 
different values of bias current (for 35 periods in the intermediate reflector and 17 periods in 
the top reflector). At low modulation frequencies (below the resonant peak), the figure, with 
the characteristic broad resonant peak, is fairly similar to the ones calculated using the 
standard rate equation model (Figure 69). However at high frequencies (above the resonant 
peak), there is no plateau seen in Figure 69, and the 3dB cutoff modulation frequency can be 
determined in all designs. This is due to the limitation introduced by the modulator cavity 
photon lifetime.  
Figure 85 also shows that the transfer function for the properly designed compound cavity 
laser is capable of providing 3dB cut-off frequency as high as hundreds of GHz in a broad 
range of currents; the cutoff frequency is a rather weak function of total power/current. The 
figure shows only a 100 GHz cutoff frequency but it can go up hundreds of GHz with less 
number of periods in the top DBR as shown in Figure 86. This can be expected since the roll-
off of the modulation curve at high frequencies, and hence the 3dB cutoff frequency, are 
mainly determined by the lifetime of the photons in the modulator cavity which does not 
depend on current in the active cavity.  With the laser design shown in the figure (a large 
intermediate reflector reflectance ensuring the external-modulator-type operation of the 
modulator section, and a more modest reflectance of the output reflector ensuring the value 
of τcm of the order of picoseconds), this limit is indeed of the order of hundreds of gigahertz, 
and thus not a concern for any realistic modulation scheme.   
The situation can be different however with a design of the modulator section less optimised 
for high speed operation.  Figure 86 shows that with a large (but perfectly technologically 
achievable) number of periods in the top reflector, when the notch in the reflectance of the 
modulator section (the peak in the transmittance) becomes narrow meaning a large photon 
lifetime in the modulator cavity, the 3dB frequency drops to ~10 GHz, which can be a very 
real limitation.  At the same time, the amplitude of output power modulation, given the same 
122 
 
(small) refractive index modulation, increases with an increased number of top reflector 
period, though this is not shown in Figure 86 in which the transfer function is normalised to 
0dB at low frequencies.  
As will be discussed later, these features are seen also in the results of large signal 
modulation simulations (see Figure 100 and Figure 101).  
 
4.4 Large signal analysis 
For the large signal analysis, the modified rate equations are solved directly numerically 
using the Matlab Program (ode45 built-in function) for NRZ digital pseudorandom 
modulation, as in the standard rate equation model.  The results are used to construct an eye 
diagram as seen by an ideal receiver. 
In addition, since the model gives both the amplitude and phase/frequency of the output 
field, we can analyse the optical spectrum of the laser emission. 
 
Figure 87: Modulation of Refractive Index, 40 Gbit/s bit rate  
Figure 87 shows the modulation of the refractive index; it shows that when the average 
refractive index is high, the output power is low. Figure 88 shows the real and imaginary 
parts of the frequency correction as well as the reflectivity. The real part represents the 
detuning of frequency or the phase modulation while the imaginary part represents the rate 
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of change in time or amplitude modulation. The normalized time in Figure 87 and Figure 88 is 
calculated by dividing the time by the carrier lifetime.  
 
∆?̃? = ∆𝜔′ + ∆𝜔′′ 
𝑒𝑗(𝜔
′+𝑗∆𝜔′′) ≥ 0 → 𝑑𝑒𝑐𝑎𝑦 
𝑒𝑗(𝜔
′+𝑗∆𝜔′′) ≤ 0 → 𝑔𝑟𝑜𝑤𝑡ℎ 
 
In this figure, the frequency correction is about 100 GHz and it shows the imaginary part goes 
oscillates around zero.  
 
Figure 88: Real and Imaginary Frequency 
 
 
124 
 
40 60 80 100 120 140 160 180 200
0
20
40
60
80
S
p
e
c
tr
a
l 
d
e
n
s
it
y
 o
f 
o
u
tp
u
t 
in
te
n
s
it
y
, 
a
.u
.
Frequency correction
ref
 (GHz)
 
Figure 89: Amplitude Spectrum of output Field at 40 GBit/s 
 
 
Figure 89 shows a typical calculated output spectrum at 40 GBit/s, with the spectrum near 
the main peak, with a smoothed line for easier evaluation of the spectral width. The 
smoothing is performed by adjacent averaging of points, as in, say, [105]. While the spectrum 
is somewhat asymmetric, implying that there is a bit of chirp in the output, the width at half 
maximum is 20 GHz, and at e-2 close to 40 GHz, or the bit rate, or the Nyquist limit for NRZ 
modulation, which implies that the chirp is low.  
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Figure 90: Standard rate equation model 
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Figure 91: Modified rate equation model 
 
Figure 90 and Figure 91 show the eye diagrams calculated using the standard and modified 
rate equation models, respectively, for the same amplitude of refractive index modulation.  
As can be expected, the modified RE model is free from unphysical abrupt changes from OFF 
to ON states; instead, it shows gradual transients with elements of oscillatory behaviour in 
the off state (which is associated with the frequency detuning between the light frequency 
and the resonator). 
As in the standard RE model, we can determine the quality factor of the eye diagram using the 
Equation (34). 
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Figure 92: Quality factor when changing number of periods for the top reflector 
 
Figure 92 shows the modulation quality factor as function of the number of layer pairs 
(periods) in the top reflector DBR stack. As seen in the figure, there is an optimum number, in 
this case around 17. When we increase the number of periods beyond that number, the 
photon lifetime in the modulator cavity is increased, leading to longer transients and closing 
the eye diagram, hence bad quality factor. When the number of top reflector period becomes 
too low, on the other hand, the modulation of power (P1-P0) becomes lower, hence lower 
quality factor. 
 
127 
 
30 32 34 36 38 40
2
4
6
8
10
I = 10 mA
Q
u
a
lit
y
 F
a
c
to
r
Number of intermediate reflector periods
19 periods in  the top reflector
 
Figure 93: Quality factor when changing number of periods for the intermediate reflector 
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Figure 94: Eye diagram for 32 periods in the 
intermediate reflector and 19 periods in the top 
reflector, I= 10 mA, 40GBit/s 
-30.00 -20.00 -10.00 0.00 10.00 20.00 30.00
-0.50
0.00
0.50
1.00
1.50
2.00
2.50
3.00
3.50
o
p
ti
c
a
l 
p
o
w
e
r 
(a
rb
it
ra
ry
 u
n
it
s
)
time (arbitrary units)
 
Figure 95: Eye diagram for 31 periods in the 
intermediate reflector and 19 periods in the top 
reflector, I= 10 mA, 40GBit/s 
 
Figure 93 shows the modulation quality as a function of the number of periods in the 
intermediate reflector. Figure 94 and Figure 95 show eye diagrams for I= 10 mA, 19 periods 
in the top reflector, 32 and 31 periods in the intermediate reflector, respectively. This shows 
again, there is an optimum number of periods, in this case around 32. When the number of 
periods is increased beyond that value, there is less output power hence low quality factor.  
When the number of periods is decreased below the optimum level, the active region and the 
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modulator become more strongly optically coupled, moving from the regime of weak 
coupling when the modulator cavity works almost as an external modulator to the case of a 
proper compound cavity, so that the relaxation oscillations effect on the power transients 
increases. As a result, the eye diagram deteriorates, hence the lower quality factor. 
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Figure 96: Quality factor when changing number of periods for the top reflector for 8 mA bias current 
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Figure 97: Eye diagram for 35 periods in the 
intermediate reflector and 17 periods in the top 
reflector, I= 8 mA, 40GBit/s 
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Figure 98: Eye diagram for 35 periods in the 
intermediate reflector and 23 periods in the top 
reflector, I= 8 mA, 40GBit/s 
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Figure 99: Quality factor when changing number of periods for the top reflector for 10 mA bias current 
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Figure 100: Eye diagram for 35 periods in the 
intermediate reflector and 17 periods in the top 
reflector, I= 10 mA, 40GBit/s 
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Figure 101: Eye diagram for 35 periods in the 
intermediate reflector and 23 periods in the top 
reflector, I= 10 mA, 40GBit/s 
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Figure 102: Quality factor when changing number of periods for the top reflector for 12 mA bias current 
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Figure 103: Eye diagram for 35 periods in the 
intermediate reflector and 17 periods in the top 
reflector, I= 12 mA, 40GBit/s 
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Figure 104: Eye diagram for 35 periods in the 
intermediate reflector and 23 periods in the top 
reflector, I= 12 mA, 40GBit/s 
 
Figure 96, Figure 99 and Figure 102 show the quality factor as a function of the number of 
periods in the top reflector for a 35-period intermediate reflector for different bias currents. 
Figure 97, Figure 98, Figure 100, Figure 101, Figure 103 and Figure 104 show few eye 
diagrams for currents of 8 mA, 10 mA and 12 mA, respectively. Rather reassuringly, we 
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observe that the optimum number of periods is not a strong function of the current, so once 
optimised, a laser should be able to provide good modulation quality at all currents.  
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Figure 105: Quality factor when changing number of periods in the top reflector and for 31 periods in the 
intermediate reflector and 7 mA bias current 
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Figure 106: Quality factor when changing number of periods in the top reflector and for 31 periods in the 
intermediate reflector and 10 mA bias current 
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Figure 107: Quality factor when changing number of periods in the top reflector and for 31 periods in the 
intermediate reflector and 12 mA bias current 
 
Figure 105, Figure 106 and Figure 107 show Quality factor when changing number of periods 
in the top reflector and for 31 periods in the intermediate reflector and for a bias current of 7 
mA, 10 mA and 12 mA, respectively. They show that there is an optimum number of top 
periods reflector at which there is a maximum quality factor. They show higher quality 
factors for higher currents.  
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Figure 108: Quality factor when changing number of periods in the top reflector and for 29 periods in the 
intermediate reflector and 8 mA bias current 
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Figure 109: Quality factor when changing number of periods in the top reflector and for 29 periods in the 
intermediate reflector and 10 mA bias current 
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Figure 110: Quality factor when changing number of periods in the top reflector and for 29 periods in the 
intermediate reflector and 12 mA bias current 
 
Figure 108, Figure 109 and Figure 110 show Quality factor when changing number of periods 
in the top reflector and for 29 periods in the intermediate reflector and for a bias current of 8 
mA, 10 mA and 12 mA, respectively.  They show that there is an optimum number of top 
periods reflector at which there is a maximum quality factor. They show higher quality 
factors for higher currents. 
The above figures show that the best quality factors occur when the intermediate reflector 
are 35 periods, then 31 periods and 29 periods have the worst quality factor. This might be 
because when the number of periods is very high (35 periods) there will be almost no electric 
connection between the active cavity and the modulator cavity which means that there will 
be no effect for the frequency relaxation oscillation.  
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Figure 111: Quality factor when changing the bias current for 40 GBit/s modulation frequency 
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Figure 112: Eye diagram for 35 periods in the 
intermediate reflector and 19 periods in the top 
reflector, I= 8 mA, 40 GBit/s 
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Figure 113: Eye diagram for 35 periods in the 
intermediate reflector and 19 periods in the top 
reflector, I= 2 mA, 40 GBit/s 
 
Figure 111 shows the modulation quality factor as a function of current for 40 GBit/s 
modulation bit rate. Figure 112 and Figure 113 show eye diagrams for 32 periods in the 
intermediate reflector and 19 periods in the top reflector, 40 GBit/s, and current of 8 mA and 
2 mA, respectively. From 15 - 30 mA bias current, the modulation quality is near constant a 
large photon density causing fast relaxation oscillations (RO) leads to some decrease in the 
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modulation quality, though the effect is not large due to the weak coupling between 
subcavities. Whereas at very high currents, there is a small increase in the quality factor, at 
very low current values, the modulation quality decreases simply due to lower power, given a 
similar distribution of the on-state.  As a result, there is an optimum (rather modest) current 
value, though at high currents, the modulation quality is not far below optimum. 
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Figure 114: Quality factor when changing the bias current for 80 GBit/s modulation frequency 
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Figure 115: Eye diagram for 35 periods in the 
intermediate reflector and 19 periods in the top 
reflector, I= 10 mA, 80 GBit/s 
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Figure 116: Eye diagram for 35 periods in the 
intermediate reflector and 19 periods in the top 
reflector, I= 2 mA, 80 GBit/s 
 
Figure 114 shows a similar curve with a higher modulation rate of 80 GBit/s.  Similar 
qualitative tendencies are observed; quantitatively, the quality factor is smaller than at the 
lower modulation rate. Figure 115 and Figure 116 show eye diagram for 32 periods in the 
intermediate reflector and 19 periods in the top reflector, 80GHz and currents of 10 mA and 2 
mA, respectively. 
Note that in this study, we concentrated on the electromagnetic/carrier kinetic model only, 
not considering the electrical circuit limitations. Indeed, Zujewski and co-authors  [54] [53] 
have proved that the associated electrical circuit, as studied in [54], of coupled-cavity 
vertical-cavity surface-emitting laser (CC-VCSEL) can be made to be not a limitation using a 
traveling wave electrode design [53]. They were also able to make up for the low 50 Ω 
impedance of the modulator which allow the electrical cut-off frequency to go up to 330 GHz  
[53]. 
4.5 Chapter summary 
After finding some limitations of the the standard rate equation model as detailed in chapter 
3, we upgraded the standard rate equations to rate equations with phase, including a new one 
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for the modulator section. This model is capable of the following (which the standard rate 
equation model cannot provide): 
a) Deal with modulation of the refractive index, which changes the amplitude and the phase 
of transmittance and reflectance, rather than with the modulation of photon lifetime, which is 
a bit artificial. 
b) Calculate the optical spectra (it deals with phase as well as intensity) 
c) Take into account the speed limitations because of the width of the notch in the modulator 
section transmittance spectrum, which we did not take into account before, by means of the 
extra rate equation. 
The following points can summarize the main findings in this chapter:  
0. As seen in the previous chapter, the standard rate equation model cannot fully describe 
compound-cavity laser modulation. In this chapter: 
1. New model has therefore been developed, considering modulation of the refractive 
index, more accurately describing the electromagnetics of the laser cavity. 
2. The ultimate modulation frequency limit has been identified as determined by the 
photon lifetime of the modulator cavity (the inverse of the width of the notch in 
modulator transmittance).  
3. Quality of modulation was found to depend non-monotonically on the numbers of 
dielectric grating periods in the top and intermediate mirrors (too many periods 
results in long cavity lifetime, too few periods in weak modulation).  This determines 
the design for optimal performance. 
4. We found there was an optimum number of periods in the top and intermediate 
reflectors which depends only weakly of current. 
Since the purpose of this thesis is to create the most accurate model for advanced high 
speed semiconductor lasers (and the hypothesis is, effectively, that such a model can be 
developed by including dynamics of both amplitude and phase), we studied first the 
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vertical-cavity compound VCSEL’s and their limitations, taking into consideration the 
phase as well as the intensity of the light field in the dynamic model.   In the next chapter, 
the in- plane external cavity laser is to be considered using a fundamentally similar (if 
somewhat different because of longer cavities), dynamic model and the results will be 
compared with the vertical compound cavity which I covered in this chapter. 
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5. IN-PLANE EXTERNAL CAVITY LASER 
5.1 Introduction 
Advanced semiconductor lasers involving direct modulation of current or photon lifetime, 
promise substantially higher modulation speed and better dynamic properties than the 
traditional modulated lasers. In order to create the most accurate model for such advanced 
high speed semiconductor lasers, it is important to study the limitations and to consider the 
phase as well as the intensity of the light field in the dynamic model. In this chapter, the in- 
plane external cavity laser is considered from different current models and analysed 
theoretically. 
A summary of the existing theoretical models used for analysing the dynamics of a VCSEL 
with an external cavity was given in the review section. Most existing theoretical work, of 
which the papers by Dalir and Koyama [61] present the most extensive theoretical studies, 
was performed using the Lang-Kobayashi model, which includes a single delay term. 
 
5.2 Preliminary analysis using the Lang-Kobayashi model 
Before developing our own model, we analysed the laser behaviour in the simplified Lang-
Kobayashi model used by the previous authors (Equation 14). The question that interests us, 
which the previous studies did not answer, is how much the cutoff modulation frequency can 
be increased by increasing the strength of the external feedback, and what limits this 
increase. 
We have therefore performed such a study, for the case of an external cavity with a round trip 
time of 18 ps (𝜏s) which is the time photons travel forward and backward from the oxide 
stripe amplitude and the reflector terminating the external cavity amplitude (reflectance rs). 
In this version of the model, unlike the full one explained later, we set the value of the oxide 
stripe reflectance  𝑟𝑎 to zero for light coming from the external reflector.  The complex 
coupling coefficient was determined as: 
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𝜅 ≈
𝑐
2𝑛𝑟𝑠𝐿𝑠
𝜃𝑎
2𝑟𝑠 
Where c is speed of light in vacuum, 𝜃𝑎 being the intensity transmittance, rs is the external 
cavity amplitude reflectance, nrs is the slow waveguide refractive index and Ls is the external 
cavity length. 
Typical results are shown in Figure 117. 
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Figure 117: Estimate for 3dB modulation bandwidth using the impulse response method in the Lang-
Kobayashi type model for τs = 18 ps 
 
As in the work by Dalir and Koyama [61], the 3dB frequency is dependent on the phase of the 
external feedback. Unlike the work by Dalir and Koama, we took the self-phase modulation 
into account, so it was somewhat more difficult to determine the steady state feedback phase 
before the simulations. So rather than controlling the feedback phase, we controlled the 
phase of the external reflector rs, which is the parameter that can be controlled in fabrication 
of the laser. 
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Because the amplitude transmittance of the oxide layer is imaginary (and so 𝜃𝑎
2 is negative), 
the case of the arg(rs)=0 roughly corresponds to out-of-phase feedback (as it gives a negative 
), and the case of  arg(rs)=𝜋 , to in-phase feedback (as it gives a positive ).  
Simulations show that the nearly out of phase feedback (zero phase of the external cavity 
amplitude reflectance (rs) increases the modulation band, and the nearly in phase feedback 
(𝜋  phase of the external reflector) leads to a decrease in the resonance frequency and hence 
the cutoff frequency, in qualitative agreement with the published work.  
The limit to the modulation frequency increase is set by a qualitative change in the laser 
dynamics. The amplitude of the relaxation oscillations peak increases with the feedback 
strength, and beyond a certain value the oscillations become undamped, with a self-pulsating 
regime observed. Clearly, this is not suitable for modulation. Figure 118 shows the intensity 
for the operating point corresponding to stable laser dynamics. It shows a relaxation 
oscillation transient settling down to a steady state solution as in a solitary laser, but with a 
higher relaxation oscillation frequency, promising better modulation behaviour. Figure 119 
show the intensity in the unstable operating point, relatively far beyond the critical point for 
instability (rs= 0.99). Under such conditions, the behaviour of the laser is chaotic (aperiodic), 
though at smaller reflectances the unstable dynamics can be in the form of periodic 
oscillations (period 1 dynamics). 
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Figure 118: Stable in-plane external cavity laser rs=0.6, bias current =1.5 mA 
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Figure 119: Unstable in-plane external cavity laser rs=0.99, bias current =1.5 mA  
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The simulations mentioned in the literature in section 2.5.1, show that the modulation 
frequency can be increased by a factor of 1.5-2 by the external feedback. However, the 
limitations of the model (see below) does not allow full confidence in this result, so we 
derived a model of our own.  
Figure 120 shows the effect of increasing the feedback strength for Lang-Kobayashi type 
model for τs=8 ps. The figure shows a non-monotonic relationship between the 3dB cutoff 
frequency and the feedback strength with a peak value at 1.1𝑥1011 𝑠−1 feedback strength. 
The curve goes to instabilities when the feedback strength is more than 2.4𝑥1011 𝑠−1. Figure 
121 shows the estimate for non-flatness of damping level using the impulse response method 
in the Lang-Kobayashi type model for a round trip time of 8 ps (τs=8 ps). 
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Figure 120: Estimate for 3dB modulation bandwidth using the impulse response method in the Lang-
Kobayashi type model or τs = 8 ps 
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Figure 121: Estimate for non-flatness of damping level using the impulse response method in the Lang-
Kobayashi type model for τs=8 ps 
 
5.3 Electromagnetic Model 
As mentioned above, the main problem with using the Lang-Kobayashi model for analysing a 
VCSEL with the in-plane feedback is that using a single delayed term, even in the case of an 
edge-emitting laser (which is well described by a one-dimensional model), is only justified if 
the multiple round-trips in the external cavity give small contributions to the laser dynamics.  
This can happen either if the external reflectance, denoted rs in our studies below, is small       
( | rs | << 1 which is the case for which the Lang-Kobayashi model was originally derived) or 
when the reflectance at the interface between the laser and the external cavity is small (in our 
notation | ra | << 1, which is the case, for example, with external cavity distributed feedback 
lasers). In a VCSEL with in-plane feedback, neither is the case, so the multiple round-trips in 
the external cavity should play a part. Therefore, it is preferable to derive a model based on a 
careful electromagnetic treatment of the cavity to generalise the existing one. The task is 
made more complex by the fact that in the case of the in-plane cavity, we cannot, from the 
start, restrict ourselves even approximately to one-dimensional analysis as in the vertical 
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cavity problem, as the in-plane cavity problem is substantially two-dimensional. We need to 
distinguish the vertical dimension z and the direction of the in-plane cavity x (the treatment 
of the third dimension y, the lateral one perpendicular to the external cavity orientation, 
remains relatively trivial). 
The vertical resonator is, as in the case of a one-dimensional cavity, described using a Fabry-
Perot type equation: 
 𝑟𝑡(𝑘𝑧)𝑟𝑏(𝑘𝑧) exp(−𝑗2𝑘𝑧𝐿𝑧)?̃?𝑧 = 1 (53) 
 
Here, the complex vertical double pass amplitude gain is: 
 ?̃?𝑧 = exp[(1 + 𝑗𝛼𝐻)𝜉𝑔𝑑𝑎 − 𝛼𝑖𝐿𝑧] (54) 
Where, as before, 𝜉 is the standing wave factor, g is the material gain in the active layer, da is 
the active layer thickness, 𝛼𝑖 is the average internal loss in the vertical cavity. The factors of 
½ (amplitude gain) and 2 (double pass) cancel. 
As usual in a VCSEL, only the phase of the top and bottom reflectors needs to be taken as kz-
dependent; the amplitude is approximately constant: 
𝑟𝑡,𝑏(𝑘𝑧) = |𝑟𝑡,𝑏|exp [𝑗 (𝑡,𝑏
𝑟𝑒𝑓 + 𝑡,𝑏
′ (𝑘𝑧 − 𝑘𝑟𝑒𝑓))] 
Allowing us to introduce the effective vertical cavity length as: 
𝐿𝑧
𝑒𝑓𝑓 = 𝐿𝑧 − 
1
2
(′𝑡 + ′𝑏)  
(Which is equivalent to the more usually written definition in terms of frequency rather than 
wave vector derivatives).  Then we can estimate the vertical wave vector component in the 
standard form: 
𝑘𝑧 = 𝑘𝑧
′ + 𝑗𝑘𝑧
′′ 
 
(55) 
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𝑘𝑧
′ ≈ 𝑘𝑧0
′ +
1
2
𝛤𝑧𝛼𝐻𝑔 ;   𝑘𝑧0
′ =
𝜋𝑞𝑧 − (𝑡
𝑟𝑒𝑓 + 
𝑏
𝑟𝑒𝑓
)
𝐿𝑧
𝑒𝑓𝑓
 
 
𝑘𝑧
′′ ≈ −
1
2𝐿𝑧
𝑒𝑓𝑓
ln|𝑟𝑡𝑟𝑏?̃?𝑧| = −
1
2
(𝛤𝑧𝑔 − 𝛼𝑖
𝑒𝑓𝑓 −
1
𝐿𝑧
𝑒𝑓𝑓
ln
1
|𝑟𝑡𝑟𝑏|
) 
With 𝛤𝑧 = 𝜉𝑑𝑎/𝐿𝑒𝑓𝑓𝑧  the vertical confinement factor, and 𝛼𝑖
𝑒𝑓𝑓 =
𝐿𝑧
𝐿𝑧
𝑒𝑓𝑓 𝛼𝑖 (if necessary, this 
effective total loss can also include the loss in the mirrors, in which case 𝑟𝑡𝑟𝑏 are to be 
understood as lossless mirror reflectances). 
From this, noting that  𝑘𝑥
2 + 𝑘𝑦
2 + 𝑘𝑧
2 = 𝑘2 = (
𝑛𝜔
𝑐
)
2
, we can calculate the in-plane wave vector 
component. From symmetry considerations, in the case of a square cross-section for 
simplicity, kx=ky, so noting that |Im(𝑘𝑧)| = |𝑘𝑧
′′| ≪ Re(𝑘𝑧) = 𝑘𝑧
′ ,  we get: 
𝑘𝑥 = 𝑘𝑥
′ + 𝑗𝑘𝑥
′′ 
 
𝑘𝑥
′ ≈
√2
2
√𝑘2 − 𝑘𝑧′2 ≈ 𝑘𝑥0
′ +
𝑘𝑧0
′
4𝑘𝑥
′ 𝛤𝑧𝛼𝐻𝑔,   𝑘𝑥0
′ =
√2
2
√𝑘2 − 𝑘𝑧0
′2    
 
   𝑘𝑥
′′ ≈ −
𝑘𝑧0
′
2𝑘𝑥
′ 𝑘𝑧
′′ 
(56) 
As in the case of vertical wave vector, we can expect |𝑘𝑥
′′| ≪ 𝑘𝑥
′  under typical operating 
conditions of the laser. 
Formally speaking, the small 𝑘𝑥
′  corresponds to a large in-plane phase velocity cx=ω/𝑘𝑥
′ . 
However calculating the group velocity, we find (for the case of a transparent waveguide, 
𝑘𝑥
′′ = 0): 
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𝑣𝑔𝑥 = (
𝑑𝑘𝑥
𝑑𝜔
)
−1
=
2𝑘𝑥
′
𝑘
𝑣𝑔 (57) 
Where as usual  𝑣𝑔 = (
𝑑𝑘
𝑑𝜔
)
−1
is the total group velocity in the material of the VCSEL cavity. 
This value of vgx is a small value (𝑘𝑥
′ <<k,  so vgx <<vg) so the in-plane behaviour of the laser 
does indeed correspond to a slow wave waveguide,  as discussed by Koyama and co-authors 
[57]. 
In the y-direction, the modal profile is a pure standing wave, the lateral mode of the VCSEL 
cavity, and we shall assume here that the light is entirely in the cavity/waveguide (𝛤𝑦=1, 
corresponding to a strong waveguide; a generalisation would be straightforward if needed).  
In the x-direction, however, we need a more careful analysis. 
The geometric picture used is presented in Figure 122. In the in-plane direction, the laser is 
just a section of the slow-wave waveguide, of a length 𝐿𝑥, with gain or loss due to 𝑘𝑥
′′. The 
section is terminated on the left hand side by the outer reflectance ro (typically |ro|~1 so there 
is no leakage of radiation in that direction, but we can keep the analysis generic), and on the 
right, by an oxide stripe separating the laser from the amplifier (slow waveguide external 
cavity). The oxide stripe is assigned an amplitude reflectance 𝑟𝑎 (“a” for “amplifier side”) and 
an amplitude transmittance √𝜃𝑎 exp(𝑗𝜑𝜃) ,  𝜃𝑎 being the intensity transmittance and 𝑅𝑎 =
|𝑟𝑎 |
2 the intensity reflectance.  If there is no scattering of light out of the slow-waveguide 
mode in the oxide, 𝑅𝑎 + 𝜃𝑎 =1; in reality it is likely that some scattering is present so 𝑅𝑎 +
𝜃𝑎 < 1. 
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Figure 122: Schematic of the electromagnetic 2D model for a compound in-plane cavity 
 
Without loss of generality, we can assume that ro and 𝑟𝑎 are both real (and negative, so that 
the fundamental order lateral mode has one antinode at the middle and nodes at either end – 
this can be expected in a slow wave waveguide because the angle of incidence of the mode on 
the facet is very large). Reciprocity of linear optics means also that 𝑟𝑎 is the reflectance seen 
by both the light incident onto the oxide stripe in the direction from the laser to the slow 
wave external cavity and by the light in the opposite direction: both the amplitude and the 
phase of the reflection are the same, since we have the same waveguide either side. This 
means that we must have the phase of the transmittance 𝜑𝜃 =
𝜋
2
 in order to satisfy energy 
conservation, as will be discussed in more detail below.  
The slow wave is terminated by the equivalent reflectance 𝑟𝑠 which is complex and, in our 
slow amplitude/rotating wave analysis, can have an arbitrary phase, accounting for 
“subwavelength” (<<1/𝑘𝑥
′ ) variations in the external cavity length (given the small value of 
𝑘𝑥
′ , these “subwavelength” variations in the slow waveguide can actually be of the order of 
micrometers). 
For derivation, we shall parametrise the light using the “average light amplitude” inside the 
cavity Ei , defined in such a way that |𝐸𝑖| = √𝑁𝑝𝑖 , where Npi  is the longitudinally averaged 
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photon density. Moreover, we shall denote Ela the field at the right side of the laser cavity 
(facing the slow wave amplifier) and travelling leftwards (into the laser). 
If a field Εinj is incident onto (injected into) the cavity from the slow wave waveguide, then in 
frequency domain, we have the usual Fabry-Perot type equation: 
𝐸𝑙𝑎 =
√𝜃𝑎 exp(𝑗𝜑𝜃)
1 − 𝑟𝑜𝑟𝑎exp(−𝑗2𝑘𝑥𝐿𝑥)
𝐸𝑖𝑛𝑗  (58) 
Furthermore, we can introduce a parameter fx(t)=𝑁𝑝𝑖/|𝐸𝑙𝑎  |
2. Without much loss of 
generality, we can assume that the phase of Ei is the same as that of 𝐸𝑙𝑎 (in particular, in a 
high quality cavity, with |𝑟𝑜𝑟𝑎 | of the order of 1 (realistically more than about 0.3-0.5 as in an 
edge-emitting laser), we have a real and approximately constant  𝑓𝑥 ≈ 2), in which case: 
 
𝐸𝑖 = √𝑓𝑥𝐸𝑙𝑎 =
√𝑓𝑥𝜃𝑎 exp(𝑗𝜑𝜃)
1 − 𝑟𝑜𝑟𝑎exp(−𝑗2𝑘𝑥𝐿𝑥)
𝐸𝑖𝑛𝑗 
Then, using the definition of the in-plane group velocity, we can set 
𝑘𝑥 =  𝑘𝑥𝑚 + ∆𝑘𝑥 
𝑘𝑥 = 𝑘𝑥𝑚 +
1
𝑣𝑔𝑥
𝛿𝜔 
 (kxm being the value at the signal frequency corresponding to the laser mode, complex as 
described by Equation 55). If the reference frequency at the modal frequency, which is a 
natural choice, then: 
Re(km)=k’m=k0 (1 − 𝑟𝑜𝑟𝑎exp(−𝑗2(𝑘𝑥𝑚 + ∆𝑘𝑥)𝐿𝑥))𝐸𝑖 = √𝑓𝑥𝜑𝑎 exp(𝑗𝜑𝜃)𝐸𝑖𝑛𝑗  
and using: exp(𝑥) = 1 + 𝑥, |𝑥| ≪ 1: 
(1 − 𝑟𝑜𝑟𝑎exp(−𝑗2𝑘𝑥𝑚𝐿𝑥) + 𝑗2𝑟𝑜𝑟𝑎exp(−𝑗2𝑘𝑥𝑚𝐿𝑥)∆𝑘𝑥𝐿𝑥)𝐸𝑖 = √𝑓𝑥𝜑𝑎 exp(𝑗𝜑𝜃)𝐸𝑖𝑛𝑗  
kxm corresponds to the laser lateral mode, so  exp(−𝑗2𝐿𝑥𝑘𝑥𝑚
′ ) ≈ 1. 
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𝑘𝑥
′′ ≈ −
𝑘𝑧0
′
2𝑘𝑥
′ 𝑘𝑧
′′ 
(1 − |𝑟𝑜𝑟𝑎|exp (−
𝑘𝑧
′
2𝑘𝑥
′ 𝑘𝑧
′′𝐿𝑥))𝐸𝑖 + 𝑗
2𝐿𝑥
𝑣𝑔𝑥
∆𝜔𝐸𝑖 = √𝑓𝑥𝜑𝑎 exp(𝑗𝜑𝜃)𝐸𝑖𝑛𝑗  
Then, as in the analysis of the vertical cavity, or in the analysis of mode-locked VECSEL in the 
literature (see e.g. Mulet and Balle 2005 [106]) , we can switch from frequency domain to 
time domain by substituting  𝑗𝛿𝜔 →
𝑑𝛿𝜔
𝑑𝑡
 (after which the index m in kxm can be dropped). 
Finally, we obtain a differential equation for the amplitude of light inside the cavity in the 
form: 
𝑑𝐸𝑖
𝑑𝑡
≈
1
𝑇𝑥exp (𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥)
{√𝑓𝑥𝜃𝑎 exp(𝑗𝜑𝜃)𝐸𝑖𝑛𝑗 + (1 + 𝑗𝛼𝛨𝑔)(exp(𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥) − 1)𝐸𝑖} (59) 
 
Where 𝑇𝑥 = 2𝐿𝑥/𝑣𝑔𝑥 is the in-plane round-trip time of the laser cavity, and ?̃?𝑛𝑒𝑡(𝑡) is the net 
in-plane round-trip gain which, after some manipulations, using the expressions for 𝑣𝑔𝑥 and 
𝑘𝑥
′′, and noting that that 
𝑘𝑧
′
𝑘
≈ 1, can be expressed as: 
𝐺𝑥
𝑛𝑒𝑡(𝑡) ≈
1
2
[𝑣𝑔𝛤𝑔 − (
1
𝜏𝑝ℎ
𝑧 +
1
𝜏𝑝ℎ
𝑥 +
1
𝜏𝑝ℎ
𝑖𝑛 )] (60) 
Here,   
1
𝜏𝑝ℎ
𝑧 =
𝑣𝑔
2𝐿𝑧
𝑒𝑓𝑓
ln
1
|𝑟𝑡𝑟𝑏|2
 (61) 
 
1
𝜏𝑝ℎ
𝑥 =
1
𝛵𝑥
ln
1
|𝑟𝑎𝑟𝑜|2
 
 
(62) 
And 
1
𝜏𝑝ℎ
𝑖𝑛
= 𝑣𝑔𝛼𝑖
𝑒𝑓𝑓
 (63) 
Determine the lifetimes of photons with respect to vertical and in-plane cavities and internal 
parasitic loss respectively, 𝛼𝑖 being the internal loss. 
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In the case of weak injection (|Einj|<<|Ei|), we typically have |exp(𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥) − 1| ≪ 1, so the 
exponential in the denominator of (59) can be neglected, and within Figure 122 braces one 
gets exp(𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥) − 1 ≈ 𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥, which results in the standard rate equation with an 
injection term.  In the case of strong injection, the laser operates, in-plane, essentially as an 
optical amplifier, hence the term exp(𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥) − 1 , which is reminiscent of the amplifier 
theory. 
In the case of an external cavity, the injection field is the reflected field:  
Einj=Er 
The reflected field, in its turn, is determined by the boundary conditions at the outer side of 
the oxide stripe (the size of which we neglect here – for the purposes of travel time, it is 
included in the length of the external cavity, and for the purposes of boundary conditions, the 
oxide is treated as a lumped reflector-transmitter).  
To formulate these outside boundary conditions, we notice that the field at the right facet of 
the laser, inside the laser, is 𝐸𝑟𝑎 = 𝐸𝑙𝑎
exp(𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥)
𝑟𝑎
 (going round the cavity and returning to 
the right, the light sees the normal round-trip gain, but only the reflection at ro, not ra) 
The field travelling rightwards (out of the laser cavity) outside the cavity then is composed of 
the field coming out of the laser  √𝜃𝑎 exp(𝑗𝜑𝜃)𝐸𝑟𝑎(𝑡)  and the field returned from the external 
reflector and reflected back from the oxide stripe 𝑟𝑎𝐸𝑟(𝑡): 
𝐸𝑠(𝑡) = √
𝜃𝑎
𝑓𝑥
exp(𝑗𝜑𝜃)
exp((𝐺𝑥
𝑛𝑒𝑡(𝑡)𝑇𝑥)(𝑡)𝑇𝑥)
𝑟𝑎
𝐸𝑖(𝑡) + 𝑟𝑎𝐸𝑟(𝑡) (64) 
At the outside reflector, in the case of a passive external cavity (or, approximately, for an 
amplifying one with the gain exactly compensating the loss), we have a simple reflectance 
condition which for the returned field at the oxide stripe means: 
𝐸𝑟(𝑡) = 𝑟𝑠𝐸𝑠(𝑡 − 𝜏𝑠) = ⌊𝑟𝑠⌋ exp(𝑗𝜑𝑠)𝐸𝑠(𝑡 − 𝜏𝑠) (65) 
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Where 𝜏𝑠 = 2𝐿𝑠/𝑣𝑔𝑥 is the round-trip delay of the external slow-waveguide cavity, LS  being 
its physical length.  A generalisation for a generic amplifying external cavity can be readily 
implemented using the reflective amplifier theory developed by Antonelli and co-authors, 
2015 [107]. 
𝑑ℎ
𝑑𝑡
=
ℎ𝑢 − ℎ
𝜏𝛼𝑠
−
1
𝑢𝑠
ℎ
ℎ − 𝛼𝑠𝐿
[exp(ℎ − 𝛼𝑠𝐿) − 1] {|𝐸𝑠(𝑡)|
2
+ |𝑟𝑠|
2 exp (ℎ (𝑡 −
𝜏𝑠
2
) − 𝛼𝑠𝐿) |𝐸𝑠(𝑡 −
𝜏𝑠
2
)|
2
} 
 
(66) 
Where ‘’h’’ is the integrated single pass gain in the slow waveguide amplifier, (hu =g0L) is the 
unsaturated value given by current, L is the slow waveguide (amplifier) length, and 𝛼𝑠 is the 
effective loss in the amplifier (including vertical emission). 
The expression for the returned field then needs to be modified as [107]: 
 
𝐸𝑟(𝑡) = ⌊𝑟𝑠⌋ exp(𝑗𝜑𝑠) exp [
1
2
(ℎ (𝑡 −
𝜏𝑠
2
) + ℎ(𝑡 − 𝜏𝑠)) (1 + 𝑗𝛼𝐻𝑎) − 𝛼𝑠𝐿]  𝐸𝑠(𝑡 − 𝜏𝑠) (67) 
The account for amplified feedback was implemented in our model and was investigated in 
brief (Figure 123). We found it did not make much difference from the passive external cavity 
(h=0) with appropriately adjusted reflectances, at least so long as long as the time of 
recombination in the amplifier (both stimulated and spontaneous together) remained longer 
than the bit period, as was the case in all our simulations.  For higher values of h, stimulated 
recombination in the amplifier may have changed the dynamics, but those values of h were 
not relevant in our work as they led to dynamic instabilities as shown in Figure 132. 
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Figure 123: 3dB cutoff frequency vs unsaturated amplifier gain for the full model and τs=8ps 
 
Figure 123 shows the 3dB cutoff frequency vs unsaturated amplifier gain for the full model 
and 𝜏s= 8 ps. It shows a monotonic increase for the 3dB cutoff frequency for the increase of 
the unsaturated gain hu. When the unsaturated gain is 1.3, the system goes to self-oscillation. 
Moreover, we found that the non-flatness is increasing with the increase of the unsaturated 
amplifier gain. 
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Figure 124: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 1.3 for the full 
model and τs = 8ps 
 
Figure 124 shows the intensity vs time for the full model when the un-stability started when 
the unsaturated amplifier gain (hu) is 1.3. Figure 125, Figure 126, Figure 127 and Figure 128 
illustrate how the modulation modulation index of sinusoidal self-pulsations increases from 
78% (Figure 125,) through  90% (Figure 126), 95% (Figure 127), 97%, (Figure 128)  to reach 
99% (Figure 129) as the unsaturated amplifier gain is increase from hu=1.4 to hu =1.8. So, 
this system might be used as an optoelectronic microwave signal generator which can be 
used, for example, for microwave over fibre generator in this range. Figure 130 and Figure 
131 show the irregular self-pulsations of this system when hu is 1.9 and 2, respectively. 
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Figure 125: The intensity dynamic unusable system when the reflectance rs = 0.6, hu= 1.4, modulation 
index = 78% for the full model and τs = 8ps 
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Figure 126: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 1.5, modulation 
index = 90% for the full model and τs = 8ps 
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Figure 127: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 1.6, modulation 
index = 95% for the full model and τs = 8ps 
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Figure 128: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 1.7, modulation 
index = 97% for the full model and τs = 8ps 
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Figure 129: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 1.8, modulation 
index = 99% for the full model and τs = 8ps 
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Figure 130: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 1.9 for the full 
model and τs = 8ps 
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Figure 131: The intensity dynamic unusable system when the reflectance rs = 0.6, hu = 2.0 for the full 
model and τs= 8ps 
 
The rate equation for the carriers which determine the gain, assuming we operate with the 
average carrier density (the usual assumption in rate equations) is the similar to the standard 
RE models but (in the case of the laser far from the free laser threshold) with a slightly 
different stimulated recombination term: 
𝑑𝑁
𝑑𝑡
=
𝜂𝑖𝐼
𝑒𝑉
− (
1
𝜏𝑠𝑝(𝑁)
+
1
𝜏𝑛𝑟(𝑁)
) 𝑁 − 𝑣𝑔
𝑔(𝑁)
1 + 𝜀𝑁𝑝
|exp(𝐺𝑥
𝑛𝑒𝑡𝑇𝑥) − 1|
𝐺𝑥
𝑛𝑒𝑡𝑇𝑥
𝑁𝑝𝑖 
(68) 
 
Here the exponential factor in the stimulated term ensures the balance of photons created by 
the stimulated emission (Equation (59)) and electrons removed by it. It is similar to the way 
stimulated recombination is treated in the amplifier (Equation 66 ). 
The output power from the top mirror is then given by: 
𝑃 = 𝑣𝑔
1
𝜏𝑝ℎ
𝑧
1
𝜏𝑝ℎ
𝑧 +
1
𝜏𝑝ℎ
𝑥 +
1
𝜏𝑝ℎ
𝑖𝑛
𝐴𝑋ℏ𝑁𝑝𝑖 
(69) 
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Where 𝐴𝑋 = 𝐿𝑥
2  is the cross-section of the laser area. 
The equations (59-66) form a full delay-differential dynamic model of a laser. 
At this point, it is worthwhile mentioning the difference between this model and the earlier 
one developed by Ahmed et al 2015 [67], based on their earlier in-plane laser paper (Ahmed 
et al 2013 [65] ). In both of those papers, the model is presented without derivation and 
restricted to the laser with a feedback, unlike ours which is derived and is a special case of a 
more general one of a laser under strong injection.  
Both models, in the limit of weak feedback (|rs|<<1 in our notations) reduce to the traditional 
Lang-Kobayashi model with a single delayed term. 
Both models, in the limit of steady state solution (Ei=const in our notations) give the steady 
state threshold condition of a compound cavity laser formed by the laser resonator and that 
of the (passive) external cavity. The condition, in our notation, and in the resonant case (real 
𝑟𝑠 of the same sign as 𝑟𝑎), in other words, the same longitudinal mode shared between the 
laser and the external cavity is: 
|𝑟𝑜𝑟𝑎𝑠|exp (
1
2
𝑣𝑔
𝑣𝑔𝑥
𝛤𝑔𝐿𝑥) = 1, 
Where 
𝑟𝑎𝑠 = 𝑟𝑎 −
𝜃𝑎𝑟𝑠
1 − 𝑟𝑎𝑟𝑠
 
Is the equivalent reflectance of a compound reflector at the right side of the laser cavity, 
formed by the oxide stripe and the remote reflector.  In particular, with 𝑟𝑠 = 1 and 𝑅𝑎 + 𝜃𝑎 =1 
(no scattering loss at the oxide stripe), we get 𝑟𝑎𝑠 = 1, and the reflectance in a passive 
external cavity can never go above one, as expected. 
However, there is a difference between the two models as well. Firstly, the model by Ahmed 
and co-authors [67] requires a summation of several (in theory, an infinite number, in 
practical simulations, around 6) terms with delays of  p𝜏𝑠, p=1,2,3…., accounting for multiple 
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round-trips of light in the external cavity. In our model, these multiple delays are taken into 
account implicitly and exactly by the “recursive” nature of the boundary conditions (64)-(65) 
so there is no need for explicit summation, making for more efficient calculations, and also 
allowing for the amplification in the external cavity to be included.  
Secondly, the functional form of the model by Ahmed and co-authors [67] seems to be at odds 
with the physics of the laser with the delayed feedback. Namely, in their equations, the 
delayed terms modify the gain seen by the light in the laser, rather than acting as a free term 
seeding the laser field, as in ours. Because Ahmed and co-authors present their model 
without derivation, it is difficult to establish the origin of this functional difference, but we 
believe our model is both more versatile and more physical, and is likely to be more accurate 
(to the best of our knowledge neither model has yet been directly compared to experiment). 
The main parameters used in the simulations, together with their values where appropriate, 
are summarized in Table 2 and Table 3. 
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Table 2: VCSEL cavity parameters 
Parameter Symbol Value  unit 
VCSEL top mirror amplitude reflectivity Rtop 0.99 - 
VCSEL bottom mirror amplitude reflectivity Rbottom 0.999 - 
VCSEL internal losses αi 0.002 1/µm 
VCSEL effective length in the z direction Lc 1 µm 
QWs cumulative thickness dg 0.024 µm 
area of the active region Aa 4 µm2 
spontaneous emission into the mode βsp 10-6 - 
VCSEL group refractive index nrg 3.5 - 
standing wave factor VCSEL gain media ξ 1.85 - 
VCSEL linewidth enhancement factor ΑHg 3 - 
ratio of internal intensity to right-propagating 
light intensity fx 2 - 
dimensionless coupling (intensity 
transmittance) between the cavities 𝜃𝑎 0.10 - 
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Table 3: Laser amplifier cavity parameters 
Parameter Symbol Value  unit 
reflectance terminating slow-wave waveguide rs 0.6 - 
slow waveguide refractive index nrs 100 - 
confinement factor amplifier media Γ𝑠 0.02 - 
Amplifier linewidth enhancement factor   ΑHa 2 - 
Amplifier carriers differential lifetime 
(
1
𝜏𝑠𝑝(𝑁)
+
1
𝜏𝑛𝑟(𝑁)
)
−1
 
𝜏𝑛 1 ns µm3 
amplifier absorption coefficient αa 10-5 1/µm 
unsaturated amplifier gain hu 0 - 
width ratio between amplifier and VCSEL  wratio 1 - 
gain compression factor  𝜀𝑎 3x10-5 µm3 
parameter carrier density  Ns 1.1x106 1/µm3 
transparency carrier density  Ntr 1.6x106 1/µm3 
gain coefficient    go  0.3  1/µm 
time of flight between the VCSEL and reflector  𝜏  4 ps 
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5.4 Small Signal Analysis 
When analysing the small-signal response, we used the impulse response method, applying a 
short (~2-5 ps) Gaussian current pulse to the laser and taking a Fourier transform of the 
resulting transient. This allows to make an express estimate of the 3dB cutoff frequency. The 
actual estimated modulation curve is calculated as: 
𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = |
𝐹𝐹𝑇 (𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝑜𝑓 𝑆𝑖)
𝐹𝐹𝑇 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑝𝑢𝑙𝑠𝑒)
| 
The impulse response method was used instead of the analytical small signal analysis 
because the optical frequency is not determined from the start and needs very complicated 
calculations.  It has to be noted that the numerical method of small-signal analysis is not 
absolutely accurate – e.g. the decay of the frequency response at the high-frequency range 
(above the resonant peak) for a solitary laser is faster than 20 dB/decade which is obtained 
in analytical studies. However, the fact that the large signal modulation correlates with the 
small signal results proves that this method of calculation still has some validity in predicting 
the laser behaviour. It should be noted also that the current pulse duration in the simulations 
has some effect of the frequency response above the peak but has no effect on the position of 
the peak. 
When comparing the solitary laser (when |rs|=0) and in-plane laser cavity (when |rs|=0.6), the 
3 dB cutoff frequency – the main parameter given by the small signal analysis is about 3 times 
higher in the case of in-plane cavity laser when the as shown in  Figure 132 and Figure 133 
(which are similar to the experimental results by Ahmed et al 2015 [67] and are discussed in 
section 2.5.2. 
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Figure 132: Small signal analysis for solitary laser, , 
|rs|=0 
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Figure 133: Small signal analysis for In plane cavity 
laser |rs|=0.6 
 
Figure 134 shows the effect of increasing the reflectance terminating slow waveguide (rs) for 
the full model for τs = 8 ps. When rs is increasing, the 3dB cutoff frequency is increasing as 
well before it goes to self-oscillation at rs = 0.9. Figure 135 shows the estimate for non-
flatness of damping level using the impulse response method in the full model for τs=8 ps. It 
shows that the non-flatness is very close to zero when rs = 0.6 and it is increasing sharply 
after that until it goes to self-oscillation. The definition of non-flatness is defined in Figure 
136; which is the difference in the transfer function amplitude between maximum and 
minimum in dB.  
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Figure 134: Estimate for 3dB modulation bandwidth using the impulse response method in the full model 
for τs=8 ps 
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Figure 135: Estimate for non-flatness of damping level using the impulse response method in the full 
model for τs =8 ps 
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Figure 136: Small signal analysis for In plane cavity laser using the impulse response method in the full 
model for τs =8 ps and |rs|=0.75 
 
 When the reflectance rs is 0.6 and the unsaturated amplifier gain is 1.4 for the full model of τs 
=8 ps, the self-pulsations is sinusoidal (Figure 138) rather than irregular (Figure 141) which 
is the normal situation in the development of laser instabilities:  with increasing the 
controlling parameter (the reflectance in case of an external cavity laser), first sinusoidal 
(period one) oscillation are seen, then they become irregular. 
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Figure 137: The intensity dynamic unusable system when the reflectance rs= 0.8, hu= 0 for the full model 
and τs = 8ps 
 
Figure 137 shows the intensity vs time for the full model calculated below, but very near the 
instability boundary, for the reflectance rs= 0.8. The laser is still stable so the pulsations 
decay, but the decay decrement is very low and the decay process consequently very long.  At 
higher reflectances, the pulsations become self-sustained, and their modulation depth (index) 
increases with the value of rs.  Figure 138, Figure 139, and Figure 140, calculated respectively 
for .  rs= 0.85 , 0.9, and 0.95, show sinusoidal self-pulsations with modulation indices 0f 70%, 
93%, and almost 99% respectively. So, this system might be used as an optoelectronic 
microwave signal generator which can be used, for example, for microwave over fibre 
generator in this range. 
With a further increase in rs, the dynamics of the laser become chaotic. Figure 141 shows an 
example of such irregular self-pulsations when rs is 1. 
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Figure 138: The intensity dynamic unusable system when the reflectance rs = 0.85, hu = 0, modulation 
index = 70% for the full model and τs = 8ps 
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Figure 139: The intensity dynamic unusable system when the reflectance rs = 0.9, hu = 0, modulation index 
= 93% for the full model and τs = 8ps 
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Figure 140: The intensity dynamic unusable system when the reflectance rs = 0.95, hu = 0, modulation 
index = 99% for the full model and τs = 8ps 
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Figure 141: The intensity dynamic unusable system when the reflectance rs = 1.00, hu = 0 for the full model 
and τs = 8ps 
  
172 
 
5.5 Large Signal Analysis 
The eye diagram is open for the in-plane cavity and it is closed for the solitary laser for 40 
GBit/s modulation frequency as shown in Figure 142 and Figure 143. However, the eye 
diagram is closed when doing the large signal analysis and when the modulation frequency is 
80 GBit/s for both solitary and in-plane cavity lasers as shown in Figure 144 and Figure 145. 
 
Figure 142: Large signal analysis for solitary laser , |rs|=0 (40 GBit/s) 
 
Figure 143: Large signal analysis for In plane cavity laser, |rs|=0.6 (40 GBit/s) 
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Figure 144: Large signal analysis for solitary laser , |rs|=0  (80 GBit/s) 
 
Figure 145: Large signal analysis for In plane cavity laser  |rs|=0.6 (80 GBit/s) 
 
As in the results using the Lang-Kobayashi model, for some values of the feedback phase, the 
feedback increases the frequency of the relaxation oscillations and hence the 3dB modulation 
cutoff. The limit to utilising the modulation cutoff frequency increase by increasing the 
feedback is set by the onset of self-pulsations, with the relaxation oscillations becoming 
undamped as shown in Figure 117. 
Figure 146, Figure 147, Figure 148, Figure 149 and Figure 150 show the relationship 
between small and large signal analysis.  To begin with, bad (fully closed) eye diagrams are 
simulated for zero external reflectance rs (Figure 146) when the cutoff frequency of small-
signal modulation is known to be small.   
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Good (with a good opening) eye diagrams are seen when the external reflectance is such  that 
the cutoff frequency is increased, whereas the non-flatness in the small signal analysis is 
small (Figure 148). 
 Finally, when rs is increased so much that the small-signal response becomes non-flat, the 
eye diagrams begin to close again (Figure 150). 
 
Figure 146: Eye diagram for the full model for τs = 8 ps, |rs| = 0 (40 GBit/s) , quality factor = 1.69 
 
Figure 147: Eye diagram for the full model for τs = 8 ps, |rs|=0.3 (40 GBit/s) , quality factor = 1.70 
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Figure 148: Eye diagram for the full model for τs = 8 ps, |rs| = 0.6 (40 GBit/s) , quality factor = 2.45 
 
Figure 149: Eye diagram for the full model for τs = 8 ps, |rs| = 0.7, (40 GBit/s) , quality factor = 2.39 
 
Figure 150: Eye diagram for the full model for τs = 8 ps, |rs| = 0.8, (40 GBit/s) , quality factor = 2.02 
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It should be noted that for longer cavities, the instabilities occur at lower reflectance 
terminating slow-wave waveguide (rs) values, leading to a smaller increase in the 3dB 
modulation frequency. For example, Figure 151 and Figure 152 illustrate that for longer 
cavities (τs=18 ps) when rs is more than 0.3, the laser becomes unstable, and so the cutoff 
frequencies of just ~ 23-24 GHz can be achieved, as opposed to more than 30 GHz for shorter 
cavities. 
Thus it can be expected that that this design will work best with short external cavities – the 
final proof of that will require experimental verification. 
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Figure 151: Estimate for 3dB modulation bandwidth using the impulse response method in the full model for τs=18 ps 
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Figure 152: Estimate for non-flatness of damping level using the impulse response method in the full model for τs=18 
ps 
 
5.6 Chapter summary 
In this chapter, we developed a model which could overcome the limitations of both previous 
approaches to the in-plane compound  cavity VCSEL dynamics, the single-pass Lang-
Kobayashi model [60, 61] (which is technically speaking valid only for weak feedback but is 
often used for strong feedback) and the multiple-pass model by Ahmed and co-authors [67] 
(which represents the external injection field as gain modulation). After conducting initial 
studies using the Lang-Kobayashi model, a more accurate delay-differential equation model 
of a transverse compound cavity VCSEL was developed and analysed.  
We found that the limits of the modulation performance were set by the dynamic instabilities 
and the non-flatness of the small-signal modulation curve. We showed that the modulation 
rate of 40 GBit/s can be achieved in this design but higher ones (80 or 100 GBit/s) do not 
look likely. If bit rates of the order of 40 GBit/s are adequate, the in-plane compound cavity is 
preferable, due to the simpler design and alignment, and only one bias and modulation 
contact.  
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 Comparing the results to those of the previous chapter, we found that a vertical compound 
cavity appears to promise higher modulation speed than in-plane cavity (but requires very 
fine tuning of sub-cavities). This new model can also be used to analyse the potential of the 
laser with a transverse external cavity as an optoelectronic microwave signal generator 
which can be used, for example, for microwave over fibre generator.  
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6. CONCLUSIONS AND MAIN RESULTS 
The main object of the thesis was to analyse and compare different types of ultrafast VCSEL 
designs and ascertain the limits of their modulation performance. 
In the first part of the thesis, I considered both amplitude and frequency (phase) dynamics of 
laser emission in an electrooptically modulated compound cavity VCSEL, as well as the 
spectrally selective nature of the laser cavity. As the standard rate equation model has 
limitations in describing high-frequency laser modulation, the modified rate equation model 
considering modulation of the refractive index describing the electromagnetics of the laser 
cavity more accurately was introduced.  It was found that the ultimate modulation frequency 
limit is determined by the photon lifetime of the modulator cavity. Moreover, simulations 
have shown that the quality of modulation depends non-monotonically on the numbers of 
dielectric grating periods in the top and intermediate mirrors, and that the number of periods 
for the top and intermediate reflectors that gives an optimum quality factors a weak function 
of current. The maximum quality factor was analysed for a number of device designs and 
currents, and high quality factors at modulation bit rates of up to 80 Gbit/s were predicted.  
In the second part, the performance of a transverse compound cavity VCSEL was studied. The 
goals of the work were, firstly, to develop a model which could overcome the limitations of 
both previous approaches, the single-pass Lang-Kobayashi model [60, 61] (which is 
technically speaking valid only for weak feedback but is often used for strong feedback) and 
the multiple-pass model by Ahmed and co-authors [67] (which represents the external 
injection field as gain modulation). Secondly and ultimately, the purpose was to ascertain the 
limit of modulation performance increase in this laser design and to compare it with the 
electrooptically modulated design studied in the first part of the work. 
After conducting initial studies using the Lang-Kobayashi model, a more accurate delay-
differential equation model of a transverse compound cavity VCSEL was developed and 
analysed. 
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The limits of the modulation performance were found to be set by the dynamic instabilities 
and the non-flatness of the small-signal modulation curve. Аn analytical estimate could not be 
obtained in this case, but the numerical simulations show that the modulation rate of 40 
GBit/s can be achieved in this design but higher ones (80 or 100 GBit/s) do not look likely. 
Thus, the vertical cavity electrooptically modulated structure appears to be more promising 
for ultrafast modulation, at the expense of a somewhat more complex design and bias 
arrangements (it is important to make sure that the operating point is on the slope of the 
notch in the modulator section reflectance). If bit rates of the order of 40 GBit/s are adequate, 
the in-plane compound cavity is preferable, due to the simpler design and alignment, and 
only one bias and modulation contact. 
In this thesis (Chapters 3-4) we conducted a study on the effect of photon lifetime modulation 
using electrooptic modulators (refractive index modulation).  In any future research, more 
studies can be conducted on the effect of electroabsorption and the comparison between 
absorption and refraction modulation methods can be included as well.  
Alternative high-speed VCSEL-based sources for future high speed long- and medium-haul 
networks, such as Transistor VCSELs and coupled laser arrays, can also be studied. These 
new designs can provide 37 GHz modulation bandwidth, narrow spectral width and high 
output power while the laser array, in particular, can be biased at low current density [2, 
108]. 
After the theoretical investigation of the above designs, having them fabricated according to 
the design recommendations and measuring their performance should be the final goal of any 
further work. 
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